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Abstract

A methodology for computer representation of the structure of spa-
tially complex multiphase media and for the modeling of reaction, trans-
port, and structure-transformation processes in those media, is reviewed.
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The methodology is demonstrated via several examples including phase
transition and structure evolution in porous and granular media, the
morphogenesis of polymer particles, and heterogeneous catalysis. Several
future potential applications of the methodology are identified.

l. Introduction

Chemical engineering has always been concerned with describing phenomena
occurring over a range of length-scales, from the molecular (e.g., adsorption
equilibrium and reaction kinetics), through the mesoscopic (e.g., agglomera-
tion), to continuum description of transport phenomena (e.g., momentum, heat,
and mass transfer), up to the unit operation and process-systems levels. It has
also been the aim to pass information from models at one length-scale to those
at a different hierarchical level. For example, a fixed-bed catalytic reactor model
may require the effectiveness factor as one of its input parameters, which can be
obtained as a solution of a diffusion problem at the length-scale of an individual
catalyst pellet (Sahimi et al., 1990). The values of a diffusion coefficient or
adsorption equilibrium constant (Davies and Seaton, 2000), which are required
as input to the particle-scale model can, in turn, be obtained from molecular-
level simulations.

Several length-scales have to be considered in a number of applications. For
example, in a typical monolith reactor used as automobile exhaust catalytic
converter the reactor length and diameter are on the order of decimeters, the
monolith channel dimension is on the order of 1 mm, the thickness of the cat-
alytic washcoat layer is on the order of tens of micrometers, the dimension of
the pores in the washcoat is on the order of 1 um, the diameter of active noble
metal catalyst particles can be on the order of nanometers, and the reacting
molecules are on the order of angstroms; cf. Fig. 1. The modeling of such
reactors is a typical multiscale problem (Hoebink and Marin, 1998). Electron
microscopy accompanied by other techniques can provide information on par-
ticle size, shape, and chemical composition. Local composition and particle size
of dispersed nanoparticles in the porous structure of the catalyst affect catalytic
activity and selectivity (Bell, 2003).

Simulation techniques suitable for the description of phenomena at each
length-scale are now relatively well established: Monte Carlo (MC) and Mo-
lecular Dynamics (MD) methods at the molecular length-scale, various ‘“‘me-
soscopic” simulation methods such as Dissipative Particle Dynamics (Groot
and Warren, 1997), Brownian Dynamics, or Lattice Boltzmann in the colloidal
domain, Computational Fluid Dynamics at the continuum length-scale, and
sequential-modular or equation-based methods at the unit operation/process-
systems level.
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Fic. 1. The multiple scales in the catalytic monolith reactor: (a) catalytic monolith (10 cm), (b)
channel with catalyst washcoat on the walls (1 mm), (c) SEM image of the washcoat layer (10 um),
(d) TEM image of meso-porous y-Al,O3 with dispersed Pt (200 nm).

If in all situations, parameters could be transferred from models at one hi-
erarchical level to another in the form of precalculated coefficients or closed-
form expressions, such as an equation of state or a correlation for a mass-
transfer coefficient, there would be no need for “multiscale modeling” as a
distinct methodology. However, there are many situations where phenomena
occurring at different length-scales are so integrated that their modeling cannot
be simply de-coupled (Ingram et al., 2004). As an example, one can consider
gas-phase catalytic polymerization of olefins, where the resulting polymer
properties (chain-length distribution, crystallinity) depend simultaneously on
phenomena at several length-scales: from polymer growth around a catalyst-
support fragment, through monomer diffusion and heat transfer within a
growing polymer particle, to population dynamics and fluid-particle flow at the
length-scale of the reactor (Kosek et al., 2001a, b).

As the focus of chemical engineering research shifts from bulk and petro-
chemicals to specialty materials and formulated products, “microstructure” is
becoming an increasingly important product attribute controlling end-use
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properties. By microstructure we mean the spatial distribution of components,
or phases, in the product. The distribution of amorphous and crystalline do-
mains within a polymer particle, for example, has a significant influence on its
further processability. The distribution of primary solid particles, binder, and
porosity within a granule has an influence on its dissolution and release char-
acteristics (Stepanek, 2004) and can control attributes such as the bioavailability
of a drug.

In this chapter, we review modeling methods specifically aimed at describing
transport and reaction phenomena that occur within, or lead to the formation
of, complex porous or multiphase microstructures. The chapter is structured as
follows. First, the methodology of computer representation, characterization,
and reconstruction of multiphase and porous media is described. Techniques for
computational determination of effective transport properties in digitally re-
constructed media are then described, as well as methods for the modeling of
transient transport/transformation processes in those media. The methods are
then illustrated by selected examples from areas of interest of the authors:
polymer particle morphogenesis, granule formation and dissolution, and hete-
rogeneous catalysis. Other emerging applications are then mentioned in Section
V, followed by concluding remarks in Section VI. Finally, a list of key literature
references is provided.

Il. Methodology

A. REPRESENTATION OF MULTIPHASE MEDIA

The structure of a multiphase medium can be specified by the spatial dis-
tribution of the phases that form the medium. This spatial distribution can be
generally represented by the phase function or, in specific situations, by the
equivalent pore-network diagram, by the spatial distribution of particles or
other constituents, and by the probability density function. Examples of the
representation of the porous media are shown in Fig. 2.

In the general case, the spatial distribution of the phases can be formally
represented by the so-called phase function f; : R* — {0; 1} for each phase i. The
phase function is defined as (Adler, 1992, 1994)

1 if r € phasei

fir) = { (M

0 otherwise
By definition only one phase can be present at any point r € R®. It is further
required that the set P; ¢ R®, P; = {r : fi(r) = 1} be a compact set, i.e., that the

inter-phase boundaries are smooth in the mathematical sense. In a discrete
form, the phase function f; becomes the phase volume function f,;, which assigns
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FiG. 2. Types of computer representation of porous media—network diagrams (left) and solid-
phase function of reconstructed porous media (right).

each finite volume element of space (voxel) a value from the interval (0; 1), i.e.,
the volume fraction of phase i in that element. The sum of phase volume func-
tions in each voxel must give unity,

Yo fi=1 ®)

and so for an N-phase medium only N—1 phase volume functions need to be
specified in each voxel. Unless stated otherwise, we will further work only with
phase volume functions on a discrete grid of voxels and leave out the hat
notation from f;.

In a practical implementation, the domain on which the phase volume func-
tions are specified is typically a cubic grid of N, x N, x N voxels, which cor-
responds to real dimensions of L, = hN,, L, = hN,, and L. = hN., where h is
the voxel size. We will further call this region of real space the computational
unit cell. The relationship between the unit cell and the multiphase medium of
interest depends on the absolute dimensions of the medium and on the spatial
resolution at which the medium is represented (feature dimensions). The unit
cell can either contain the entire medium and some void space surrounding it, as
in the case of virtual granules described in Section IV.D below, or be a sample of
a much larger (theoretically infinite) medium, as in the case of transport prop-
erties calculation, described in Section II.E below.
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In the latter case, the dimensions of the unit cell must be such that the unit cell
is statistically representative of the entire medium. For spatially periodic regular
media, the unit cell will coincide with one lattice unit. For random media, let
L, = max;(L;) be the maximum characteristic length-scale of all the phases
forming the medium, where L; is defined by Eq. (4) below. The unit cell di-
mensions (L, Ly, L.) should be much larger than the maximum characteristic
length-scale L, for transport properties calculated on the unit cell to become
cell size-independent, and thus, representative of the entire medium (Adler,
1992).

In situations where the spatial features of the medium occur over a wide range
of length-scales, e.g., in porous media with bi-modal pore size distribution
(Salejova et al., 2004), the voxel size & would have to be small enough to capture
the smallest spatial feature but at the same time the unit cell size must be large
enough for the sample to be statistically representative. This would require an
infeasibly large number of voxels if standard fixed-grid encoding was used. In
that case, one can use a spatially adaptive mesh (Perr¢, 2004; Sahimi et al., 2004;
Sapoval, 2001), or transform the porous medium into an equivalent pore-
network model (Blunt ez al., 2002; El-Nafaty and Mann, 2001; Liang et al.,
2000a; Lin and Miller, 2000; Thompson, 2002).

As already mentioned, the phase function is only one of several possible ways
of representing the structure of porous/multiphase media. Other alternatives
include: (i) pore-network diagrams, (ii) density probability functions, and (iii)
aggregate of interacting micro-elements. The mapping between those different
types of spatially three dimensional (3D) representations is often required.
However, the original structural data will nowadays almost always be in the
form of a 2D or 3D digital image; therefore, their translation into a phase
function is trivial as it involves just a spatial discretization. Some relevant
structure acquisition techniques are now briefly reviewed.

B. STRUCTURE ACQUISITION

Information about the spatial distribution of phases in a specimen of a mul-
tiphase medium can be obtained experimentally by means of one of several
techniques. Optical or scanning electron microscopy (SEM) yields spatially 2D
images of surfaces or cross-sections of the material of interest. Modern electron
microscopes provide resolution down to the atomistic level (e.g., Arenas-
Alatorre et al., 2002). When information about the chemical composition of a
multiphase medium is required, spectroscopic imaging techniques such as IR
imaging (Gupper et al., 2002), energy dispersive X-ray (EDX) analysis, and
X-ray photoelectron spectroscopy (XPS) can be used. Atomic force microscopy
(AFM) can also be used for probing the microstructure of materials, e.g., the
crystallinity in polymers (Hosier et al., 2004) as well as a range of surface
features. In the case of optical microscopy, standard staining can be used to
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further distinguish between phases, as is commonly done when imaging bio-
logical tissue samples (Mantalaris et al., 2001).

While standard optical and electron microscopy is limited to 2D imaging,
confocal laser scanning microscopy (CLSM) can be used to probe the material
to a certain depth and thus generate 3D information about its microstructure
(Kanamori et al., 2004). Several techniques can generate fully 3D images of
porous or multiphase media. These include nuclear magnetic resonance (NMR)
imaging (Barrie, 2000; Rigby and Daut, 2002), and tomographic reconstruction
based on X-ray (Blacher et al., 2004) or transmission electron microscopy
(TEM) visualization (Weyland et al., 2001). X-ray computed micro-tomo-
graphy, in particular, has gained in popularity recently, being used for non-
destructive 3D visualization of the microstructure of porous materials such as
solid foams (Elmoutaouakkil ez al., 2002), textile (Ramaswamy et al., 2004), or
pharmaceutical granules (Farber e al., 2003), as well as a range of biological
materials. 3D TEM has been used for the direct visualization of metal
nanocrystallites (Ichikawa et al., 2003) and the pore structure of zeolites (Jans-
sen et al., 2001).

Once a spatially 2D or 3D image of the multiphase medium of interest has
been obtained, it is desirable to characterize the image by a set of morphological
descriptors, which can then be correlated with effective properties of the me-
dium or their evolution followed in time when a structure-transformation
process (e.g., dissolution) takes place in the medium. Let us now review some
morphological descriptors most commonly used for the characterization of po-
rous and multiphase media.

C. MorPHOLOGICAL CHARACTERIZATION

The composition of the medium is expressed by the phase volume fraction ¢;
of each phase i, which can be calculated as the spatial average (denoted by an
overline) of its phase function f; according to

b =10 = [ rmav @)

where V' = LLyL. is the volume of the unit cell. Specifically, porosity ¢ = ¢, is
the volume fraction of the gas phase in an unsaturated porous medium. The
next quantity of interest is the characteristic length-scale of each phase, which is
a measure of its dispersion in the multiphase medium. Assuming non-fractal
media, let S; be the internal surface area of phase 7 (i.c., the area of its interface
with all other phases). A characteristic length-scale L, can be defined as

L, _Vi_ N4
S S

4)
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Of particular interest in porous media is the so-called equivalent hydraulic
diameter d. =4V,/S, =4L,, which is important for permeability scaling
(Martys and Garboczi, 1992).

In spatially evolving multiphase media (e.g., during dissolution of a porous
medium, or phase separation in a polymer blend), the mean curvature of the
interface between two phases is of interest. Curvature is a sensitive indicator of
morphological transitions such as the transition from spherical to rod-like
micelles in an emulsion, or the degree of sintering in a porous ceramic material.
Furthermore, important physicochemical parameters such as capillary pressure
(from the Young-Laplace equation) are curvature-dependent. The local value
of the mean curvature K; =3(1/R; + 1/R,) of an interface of phase i with
principal radii of curvature R; and R, can be calculated as the divergence of the
interface normal vector n;

Ki=-V-n (5)
where n; is calculated as the gradient of the phase function

Vfi
ST ©
with the minus sign indicating normal vector orientation from the phase i to the
surrounding phases. Higher-order approximations should be used for numerical
evaluation of the gradient Vf; (Kothe et al., 1996; Rider and Kothe, 1998;
Scardovelli and Zaleski, 1999). The mean value of K; is then obtained by
averaging over the entire surface J; of the phase i,

1
Ki=g K;dA (7)

The above-mentioned phase volume fractions, internal surface area, and mean
curvature are instances of a more general class of integral measures called
Minkowski functionals (Arns et al., 2001, 2004).

Another frequently used characteristic of random media is the two-point
autocorrelation function (Adler, 1992, 1994; Thovert et al., 1993)

(fi(r) = oD i(r + w) — ¢))
(fi(r) — ‘f’z‘)z

where ¢; is the phase volume fraction, and the overline denotes spatial average

as defined by Eq. (3). In isotropic media, the correlation function does not

depend on the direction, but only on the magnitude u# = ||u|| of the displacement
vector. The zeroth moment of the correlation function,

Ri(u) =

®)

Lo = / R du ©)
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is the so-called correlation length, an alternative measure of the characteristic
length-scale of each phase in the multiphase medium. The characteristic length-
scale of a phase in the medium can also be measured by the so-called chord-length
distribution function (e.g., Roberts and Torquato, 1999), defined as the distribu-
tion of line segments passing through a given phase when the medium is randomly
sampled by lines. The measure of characteristic length-scales is important from the
physicochemical point of view, e.g., for measuring the mean pore diameter, which
influences phenomena such as capillary condensation or Knudsen diffusivity.

In the context of diffusion in porous media, the tortuosity parameter T has
traditionally been used. Tortuosity is defined geometrically as the ratio of the
shortest distance through the pore space between two randomly positioned points
to their Euclidean distance, averaged over a large number of points. Tortuosity of
the pore space (or any other percolating phase in a multiphase medium) can be
evaluated directly from its phase function. The pore space distance of two points
can be calculated using an algorithm based on the propagation of a reaction—
diffusion front through the medium (Stepanek et al., 2000). Topological prop-
erties of a percolating phase can further be characterized by reducing the phase
into a skeleton (Liang ef al., 2000a) by applying a thinning algorithm. Skeleton-
ization is useful for establishing the pore connectivity, or for distinguishing be-
tween the conducting and the dead-end pores in a porous medium.

Experimental techniques commonly used to measure pore size distribution,
such as mercury porosimetry or BET analysis (Gregg and Sing, 1982), yield
pore size distribution data that are not uniquely related to the pore space mor-
phology. They are generated by interpreting mercury intrusion—extrusion or
sorption hysteresis curves on the basis of an equivalent cylindrical pore as-
sumption. To make direct comparison with digitally reconstructed porous
media possible, morphology characterization methods based on simulated
mercury porosimetry or simulated capillary condensation (Stepanek et al., 1999)
should be used.

D. DiGITAL RECONSTRUCTION OF MULTIPHASE MEDIA

The reconstruction of the porous/multiphase medium is the process starting
from electron microscopy or other image of the medium, followed by the eval-
uation of suitable morphological descriptors of the image, concluding with the
generation of a spatially 3D porous/multiphase medium with the same
morphological characteristics as those of the original image. The reconstruct-
ed porous/multiphase medium is then used as the input for the calculation of
effective transport, mechanical or electrical properties of the medium (Tor-
quato, 2002), or as the input to the modeling of various reactions and other
transformation processes.

In mathematical terms, given the porosity and suitable morphological char-
acteristics, we want to construct the replica of the porous/multiphase medium
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FiG. 3. Procedure of the reconstruction of porous media: SEM image of the porous silica-sup-
ported catalyst particle, selection of rectangular box, binarization of SEM image, calculation of the
autocorrelation function R(u), and reconstructed porous medium.

represented by the phase function f{r) defined on the discrete grid of voxels with
coordinates r; cf. Fig. 3. Here, we present the principles of three different
algorithms of the stochastic reconstruction of the porous/multiphase media:
(i) simulated annealing, (ii) Poissonian generation of polydisperse spheres, and
(iii) thresholding of correlated random fields. Then we briefly survey the re-
construction of porous media by mechanical diagenesis.

1. Simulated Annealing

Stochastic reconstruction by the simulated annealing algorithm is one of the
most versatile classes of reconstruction methods, although not very efficient in
terms of the computational demand. The increasing popularity of the simulated
annealing algorithm (Hazlett, 1997; Manwart et al., 2000) has been caused by
ever-growing computational power and straightforward implementation.

Let us consider an isotropic porous medium under the reconstruction
described by a pore phase function fg(k)(r) in the kth iteration step of the sim-
ulated annealing algorithm and let the actual statistical characteristics of this
phase function, i.e., the two-point correlation function, be Rg(k)(u). The distance
of Ry(k)(u) from the target morphological characteristics R,“"*'(u) of the
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microscopy image of the porous medium is

E(gk) — Z(ngk)(“) _ R;arget(u))z (10)
u=0

The simulated annealing algorithm typically starts from the random phase
function f (0)(r) having the required porosity & = /* p )(r) In the kth iteration step,
we 1nterchange the values of two voxels f/; (k)(rl) and f (k)(rz) at randomly chosen
positions r; and r,, where one voxel is from the pore and the other is from the
solid phase, i.e. f(k)(rl) —+—f(k)(r2) = 1. Thus, a new phase configuration f(k“)(r)
is proposed and 1ts statlstlcal characteristics R §k+l)(u) as well as the dlstance
E(k“) from the target function are calculated according to Eq. (10). The pro-
posed configuration f (k+1)(r) is accepted with the probability p given by the
Metropolis rule

1 if EE]kJrl) gEE]k)
p= (E”‘ ELHI))/T i EEI](+1)>E£]]() (11)

Otherwise, the old configuration is restored, i.e.,f;k“)(r) =f(gk)(r). In Eq. (11),
the symbol T represents the fictitious temperature of the system. As the tem-
perature decreases, more changes that increase the distance EU‘) from the target
function are rejected. The reason for not rejecting all proposed changes when
E(k+‘) >E(k) is to allow the system to evolve to the desired target configuration
w1thout belng trapped in a local minimum of the distance from the target
function give by Eq. (10); c¢f. Yeong and Torquato (1998a). Manwart et al.
(2002) suggested implementing the exponentially decreasing fictitious temper-
ature T = Toe ¥/, where Tj, and b are adjustable parameters. The reconstruc-
tion ends when the target characteristic is reached with a certain tolerance, or
when a large number of successive proposed changes of f° (gk)(r) are rejected.

The selection of interfacial voxels (which have at least one neighbor that
contains a different phase) as candidates r; and r, of an interchange significantly
improves the rate of convergence of the simulated annealing algorithm (Roz-
man and Utz, 2001). The algorithm is versatile enough to allow the recon-
struction of any multiphase media. Figure 4 illustrates the simulated annealing
algorithm on the section of a reconstructed, spatially 3D cube.

2. Poissonian Generation of Polydisperse Spheres

Poissonian generation of polydisperse spheres is another technique for the
reconstruction of porous media (Thovert ef al., 2001). This technique is useful
for the reconstruction of media that result from the deposition of grains
followed by their compaction, but it also allows the reconstruction of non-
granular porous structures.
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FiG. 4. Simulated annealing algorithm of the cube consisting of 65 x 65 x 65 voxels starting from
random initial condition (left), after 14 x 10° iterations (middle) and after 17 x 10° iterations (right).
The two-point correlation function S»(u) = R(u)(e — &2) + &2 is compared with the target correlation
function (CF) during the reconstruction.

For a porous medium represented by the phase function f,(r), we define the
covering radius r.(r) of the solid phase as the radius of the largest sphere (or disk
in 2D porous media) placed entirely into the solid phase and covering the point
with coordinates r. The value of r. is zero inside the pores. The covering radius
r. can be found by the morphological operation called “opening,” i.c., the
erosion followed by the dilatation. The dilatation of the solid-phase domain
A by the spherical element B, with radius r is the set 4 ® B, covered by all
translations of B, centered in A,

AoB = |J (r+s) (12)
reA, seB,

The erosion is the dual operation, corresponding to all points in 4 not covered
by a sphere B, centered out of 4,

AS B, =(A ®B,) (13)

where the prime stands for the complement. The opening ®(A, r) is the result of
an erosion followed by a dilatation

O(A4,r)= (46 B,) ® B. (14)
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The important property of the opening ®(A4, r) of the solid-phase domain A by
the sphere/disk B, of radius r is that it contains only points that can be covered
by B,, because the components that were too small to contain B, were removed
by an erosion. The covering radius can thus be defined as

re(r) = sup{r:r e ®©(4,r)} (15)
The integral distribution of the covering radius G(r.) is defined as
G(r.) = (Volume fraction of the set) {r € A;r.(r)<r} (16)

and the limiting values of G(r.) are G(0) =0 and G(4+o0) = 1, respectively.
Graphically, the distribution G(r.) is the volume fraction of the solid phase,
which cannot be covered by spheres (disks) of radius r..

The algorithm of the Poissonian generation of polydisperse spheres is simple
(Thovert et al., 2001). Spheres representing the solid phase are generated and
randomly placed into the reconstruction domain until the desired porosity ¢ is
reached. The distribution of the radii of generated spheres r corresponds to the
spatially 3D distribution of the covering radius G*°(r) given by Eq. (16). In
practice, the distribution of the covering radii can be evaluated either from the
spatially 2D microscopy images (i.e., G*°(r¢)) or from the spatially 3D solid-
phase function obtained by computed micro-tomography or successive TEM
imaging of sections of the porous medium (i.e., G°°(r.)). Clearly, the distribu-
tions G*P(r.) and G°°(r.) are generally different even for the same porous me-
dium, and there is no unique mapping from G*°(r.) into G°°(r.) for general
porous media.

If the spatially 3D distribution of the covering radii G*°(r.) is not available,
one has to reconstruct the porous medium from 2D distribution of covering
radii G*°(r.) evaluated from statistical analysis of microscopy images. The re-
construction algorithm then has to search for such a 3D distribution G*°(r.) so
that 2D distributions G*°(r,) calculated from 2D sections of the reconstructed
porous media match the G*P(r.) obtained from microscopy images. As an ex-
ample, the 2D phase function (white and black color states for solid phase and
pores, respectively) and the corresponding calculated distribution of covering
radii are shown in Figure 5.

3. Thresholding of Correlated Random Fields

Let us generate a spatially 3D isotropic porous medium f(r) with a given
porosity ¢ = f,(r) and a given correlation function Ry(u). The porous medium
J4(r) is considered to be discretized into the grid of N. x N¢ x N, voxels, each
voxel of the same size /. The reconstructed cube of the porous medium is usually
considered to have periodic boundary conditions.

The random and discretized field f,(r) can be devised from a Gaussian field
X(r) discretized on the same N, x N. x N, grid, which is the starting point of
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Fic. 5. Distribution of covering radius r.. The solid phase of the porous medium is covered by
circles of radius r. and the color of circles depends on circle radius. The integral distribution of
covering radius G(r.) is then displayed.

the algorithm and which is successively passed through the linear and nonlinear
filters. The random variables in X(r) are assumed to be normally distributed and
are independent (i.e., not correlated). A linear operator can be defined by an
array of coefficients a(u’), where u' belongs to a finite cube, &’ € [0, L.]°, and
L.<(N¢h). A new random field ¥(r) can be expressed as a linear combination of
the random variables X(r),

Y(r) = Z a() X ((r + u')mod(N .h)) (17)

wel0,L]

where the correlated random field Y(r) is also discretized on the Ng grid. Its
correlation function R,(u) is calculated from the given correlation function
R,(u) and from the porosity &. The coefficients a(u’) are obtained from the
correlation function R (u); cf. the details of the algorithm described by Adler
and Thovert (1998). The particular choice of a(#’) resulting in the Gaussian

correlated random field is
174
a(u') = exp (— —2> (18)
Ly

where L, is the correlation distance (Mourzenko et al., 2001).

Although the random field Y(r) is correlated, it takes its values in the space of
real numbers R, while the porous medium has to be represented by a discrete-
valued field f(r). In order to create such a field from Y(r), one applies a non-
linear filter f,(r) = G(Y(r)), i.e., the random variable f,(r) is the deterministic
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function of Y(r). The nonlinear filter is realized by the introduction of the
threshold ¢,,

, L Y(<z, .
Sy = 0, Y>>, (19)
where the value of 7, is adjusted so that the given porosity is satisfied, i.e.,
7n=x
The thresholding of correlated random fields was generalized for the case of
multiphase media by Losic et al. (1997). However, this reconstruction technique

is limited only to cases where the third phase is located at the interface between
two phases or within a single phase.

4. Reconstruction Based on Mechanical Diagenesis

An alternative to stochastic reconstruction of multiphase media is the recon-
struction based on the direct simulation of processes by which the medium is
physically formed, e.g., phase separation or agglomeration and sintering of
particles to form a porous matrix. An advantage of this approach is that apart
from generating a medium for the purpose of further computational experi-
ments, the reconstruction procedure also yields information about the sequence
of transformation steps and the processing conditions required in order to form
the medium physically. It is thereby ensured that only physically realizable
structures are generated, which is not necessarily the case when a stochastic
reconstruction method such as simulated annealing is employed.

The mechanical routes of diagenesis usually represent particle packing in the
force field, e.g., gravitational or electrostatic; cf. Fig. 6. Diagenesis-based re-
construction techniques have been used, e.g., by Kim ez al. (2000) for the cre-
ation of model ceramic agglomerates by particle packing. Similarly,
Kainourgiakis et al. (2002) have generated model porous media by ballistic
deposition of spheres. Thomson and Gubbins (2000) generated model porous
carbon structure by a reverse MC method. Formation of wet particle assemblies
has also been represented by mechanical diagenesis (Kohout et al., 2004).

There is of course a trade-off between the level of rigorosity of the diagenesis
model and the computational cost (as well as the number of required input
parameters). A qualitatively correct model is often sufficient for the purpose of
porous/multiphase media reconstruction; a rigorous diagenesis model is re-
quired if the results are to be used, e.g., for process optimization.

E. CaLcuLATION OF EFFECTIVE PROPERTIES

1. Calculation of Effective Transport Properties on Reconstructed Porous Media

Calculation of the effective transport properties—thermal or electrical
conductivity, effective diffusivity, and permeability—as a function of the
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FiG. 6. Formation of the granular structure of the cylindrical pellet by the mechanism of se-
quential deposition of individual grains, the so-called ballistic packing.

microstructure of porous and multiphase media is of key interest for many
chemical engineering applications as well as for other areas, such as geology
(e.g., Dodds and Rothman, 2000; Sahimi, 1993). The general methodology for
the calculation of effective transport properties from digitally reconstructed
media is based on the local solution of transport equations followed by volume
averaging (Quintard et al., 1997, Whitaker, 1999), and can be summarized in the
following steps:

(i) Microstructure characterization, as described in Section II.C.
(i1) Microstructure realization, as described in Section II.D.
(iii) Local solution of transport equations on the reconstructed medium with an
imposed macroscopic gradient of temperature (for conductivity), concen-
tration (for diffusivity), or pressure (for permeability).
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(iv) Evaluation of the macroscopic transport parameter of interest (thermal
conductivity, effective diffusivity, permeability) from converged temperature,
concentration, or velocity fields according to the macroscopic transport laws.

These steps can then be iterated while a given morphological property of the
medium (e.g., porosity or mean pore diameter) is systematically varied in order
to generate structure—property correlations which can then be used in higher-
level simulations either in the form of a look-up table, or fitted by an empirical
correlation or theoretically founded function. The background to steps (i) and
(ii) has already been discussed, so let us now consider steps (iii) and (iv) in detail.
For an alternative analysis of the effective transport properties of disordered
media based on the exit-time analysis, see Giona et al. (1995). It has to be noted
that the four-step procedure outlined above is the direct computational analogy
of experimental determination of transport properties. Step (ii) corresponds to
the physical preparation of a sample, step (i) corresponds to its physicochemical
characterization such as measurement of porosity, step (iii) corresponds to the
physical measurement of transport rate (e.g., diffusion in a Wicke—Kahlenbach
cell or heat flux in a guarded plate thermal conductivity meter), and step (iv)
corresponds to the evaluation of the transport property of interest from “‘raw”
mass- or heat-flux data.

The underlying problem of the calculation of transport properties is the nu-
merical solution of the Poisson equation on a complex 3D domain defined by
the phase functions. Several methods can be used, e.g., finite-difference disc-
retization and the solution of the resulting linear system by the successive over-
relaxation method (Kohout et al., in press), the conjugate gradient method, or
methods specifically suitable for solving large, sparse systems of linear algebraic
equations. Heat conduction at steady state is governed by Fourier’s law

V-(VT)=0 (20)

where local values of thermal conductivity 4; of each phase are used. At phase
boundaries, the continuity of heat flux is required. A macroscopic temperature
gradient (7, — T;)/L. is imposed on the unit cell in a chosen direction (for
isotropic media the choice of direction is not important), and the effective
conductivity A, is obtained from the converged temperature field using mac-
roscopic Fourier’s law,

L.
}“C == Q

= 21
AT,— T, @D

where Q is the net steady-state heat flow rate obtained as a solution of Eq. (20),
A = LL, the cross-sectional area of the unit cell perpendicular to the direction
of the temperature gradient, and L. the dimension of the unit cell in the di-
rection of the temperature gradient (here z). The simulation setup is illustrated
in Fig. 7.
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Qout

FiG. 7. Unit cell containing a wet particle packing for calculating the effective thermal conduc-
tivity. A cross-section showing the local heat fluxes at steady state (from Kohout et al., 2004).

The dependence of conductivity on the composition and microstructure of
porous media has been investigated, e.g., by Argento and Bouvard (1996) for
sphere packing, or Roberts and Knackstedt (1996) for a range of model micro-
structures, including model solid foams. Effective thermal conductivity of two-
and three-phase systems (solid-particle packing partially or fully saturated by a
liquid phase) has recently been determined by Kohout et al. (2004) both com-
putationally and experimentally. For a two-component system, consisting of
particles of phase B dispersed in a continuous phase A, A, as function of the
phase volume fraction ¢ was confirmed to observe Archie’s-like power law

Je = (4B — An)Pp + Aa (22)

where A5 and Ag are component conductivities, and the exponent ¢ is a function
of the ratio Ag/Aa and of the microstructure. Simulation results for the case of
spherical particles are plotted in Fig. 8. For spherical particles, it was found that
¢ =0.136log(Ag/Aa) + 1.27 and for cubic particles ¢ = 0.239 log(4/1a) + 1.10
(Kohout et al., 2004). These correlations are valid in the range 2<2g//x <100
and 0.5< ¢ <0.7 for spheres, and 0.0 < ¢z <1.0 for cubes.

Calculation of the effective diffusivity is analogous to that of conductivity.
The steady-state Fick’s law

V-(D;Ve)=0 (23)

is solved in the unit cell, where D; is the diffusion coefficient in phase i and c is
the concentration. In a multiphase medium, the diffusivities in some of the
phases may be zero. A macroscopic concentration gradient (¢, — ¢;)/L. is im-
posed on the unit cell in a chosen direction and Eq. (23) is solved. The effective
diffusivity is then evaluated from the macroscopic Fick’s law

J L.
De=—" —= 24
e i (24)
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FiG. 8. Dependence of effective thermal conductivity of a two-phase medium A-B (randomly
positioned overlapping spheres of phase B in continuous phase A) on the ratio of component
conductivities (from Kohout ez al., 2004).

where J/ A is the steady-state diffusive flux obtained as a solution of Eq. (23). If
diffusion occurs through only one phase with diffusion coefficient D;, the di-
mensionless ratio D./D;, sometimes also called the formation factor, can be
correlated with the phase volume fraction of the phase, ¢,, and the tortuosity
factor t of the porous medium can also be evaluated from D, = D;¢;/t. Recent
examples of effective diffusivity studies in porous media or porous media filled
with two fluid phases are provided, e.g., by Kainourgiakis et al. (2002), Nam
and Kaviany (2003), and Galani et al. (2004).

In microporous materials where Knudsen diffusion prevails, D, cannot be
calculated by solving Fick’s law. The use of a discrete particle simulation
method such as dynamic MC is appropriate in such cases (Coppens and Malek,
2003; Zalc et al., 2003, 2004). In the Knudsen regime, relatively few gas mol-
ecules collide with each other compared with the number of collisions between
molecules and pore walls. One of the fundamental assumptions of the Knudsen
diffusion is that the direction in which a molecule rebounds from a pore wall is
independent of the direction in which it approaches the wall, and is governed by
the cosine law: the probability ds that a molecule leaves the surface in the solid
angle dw forming an angle 6 with the normal to the surface is

ds = (dw/m)cos 0 (25)

The theoretical basis for the cosine distribution of velocities remained unclear
for a long time. Feres and Yablonsky (2004) introduced a simple model that
considers the surface of the pores to have some micro-roughness, and employ
the random billiard model for individual molecules. In this model, gas molecules
move freely inside a region of space until they collide elastically with a rough
surface and instantaneously rebound according to the usual law of equal angles
of incidence and reflection. Geometrical irregularities of the surface naturally
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make the angle of reflection sensitive to the precise point at which a collision
takes place. As the scale of surface irregularities is reduced, the deterministic but
highly unstable angle of reflection becomes effectively random. Its probability
law, however, is still a function of the (scale-independent characteristics of the)
surface geometry. Feres and Yablonsky (2004) show that the Knudsen cosine
law (25) is a stationary probability distribution of post-collision scattered di-
rections (velocities) of gas molecules.

Permeability is calculated by imposing a macroscopic pressure gradient across
the unit cell and solving the Stokes and continuity equations in the pore space

Vp = nVu, V-u=90 (26)

where p is the pressure, 1 the viscosity, and u the velocity vector, with no-slip
boundary conditions on the solid walls. This procedure can be regarded as the
computational equivalent of gas permeation experiments (Capek et al., 2001).
In partially saturated porous media (e.g., water—air and water—oil), each liquid
phase can be considered stationary and the relative permeability of the
other phase calculated as a function of its relative pore-space saturation, or a
two-phase flow problem can be solved and the relative permeabilities of the
two phases determined simultaneously. The permeability x, is obtained from
converged velocity profile (Fig. 9) using the macroscopic Darcy’s law

U L.

Ko = (27)

_}/] —_—
A pr—p

Fic. 9. Streamlines showing steady-state velocity profile during single-phase flow in a recon-
structed porous medium.
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FiG. 10. Dependence of relative permeability of gas phase on the volume fraction of gas phase for
dry and partially water-saturated porous media of various morphology, fitted by a power-law
function and compared with the Carman—Kozeny equation (from Kohout ez al., in press).

where U is the imposed macroscopic volume flowrate (U/A is superficial
velocity), and (p, — p;) the pressure drop across the unit cell. For the purpose of
structure—property correlations, permeability is typically scaled by the square
of the equivalent hydraulic diameter dg defined following Eq. (4). An example of
calculated dependence of the relative permeability of the gas phase on porosity
of random packings of spherical and rectangular particles partially saturated by
wetting and non-wetting liquid is shown in Fig. 10 (Kohout ef al., in press).

2. Calculation of Tensile Properties

The relationship between the structure of the disordered heterogencous ma-
terial (e.g., composite and porous media) and the effective physical properties
(e.g., elastic moduli, thermal expansion coefficient, and failure characteristics)
can also be addressed by the concept of the reconstructed porous/multiphase
media (Torquato, 2000). For example, it is of great practical interest to under-
stand how spatial variability in the microstructure of composites affects the
failure characteristics of heterogeneous materials. The determination of the de-
formation under the stress of the porous material is important in porous pack-
ing of beds, mechanical properties of membranes (where the pressure applied in
membrane separations is often large), mechanical properties of foams and gels,
etc. Let us restrict our discussion to equilibrium mechanical properties in static
deformations, e.g., effective Young’s modulus and Poisson’s ratio. The calcu-
lation of the impact resistance and other dynamic mechanical properties can be
addressed by discrete element models (Thornton et al., 1999, 2004).

The stress tensor ¢ in the perfectly elastic and isotropic solid phase of the
porous medium is described by the constitutive equation

6=V -d)I + u(Vd + (Vd)") (28)
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where 1 and u are the Lamé coefficients, and d the displacement that charac-
terizes the deformation of the solid phase. The condition of elastostatic equi-
librium in the absence of external body forces V- ¢ = 0 can be formulated with
the above definition of the stress tensor as

V4wV -d)+uVid =0 (29)

The boundary condition at the solid—pore interphase S, has to be supplemented
aso-n=T, that is

[w(Vd + (V)" ) + AV -d)I) - n=T onS, (30)

where n is the unit normal of the solid phase and T the surface traction.

Let us consider the spatially periodic porous medium consisting of an infinite
number of identical unit cells. The spatially periodic medium is subjected to a
macroscopic deformation described by the tensor of deformation A4, and the
local displacement d = A4 - x + d can be decomposed into a macroscopic defor-
mation A - x and a microscopic spatially periodic displacement d; cf. Poulet
et al. (1996). This decomposition introduced into elastostatic Equations (29) and
(30) yields

A+ V(Y- -d)+uvid =0 (31)

[w(Vd + (Vd)") + AV -d)I] - n
=—wA+A") -n—i(trAn+T onS, (32)

Hence, the macroscopic deformation A plays the role of an external “driving
force.” The macroscopic stress (¢) can be defined as the average local stress over
the solid portion V of the unit cell

1
=— dv 33
w=y/ o ()
where V' is the total volume of the unit cell. When the porous medium is iso-
tropic, the macroscopic stress is given by

(6) =Jetr E-T+2uE (34)

where /. and p. are effective Lamé coefficients of the medium and
E = %(A + A") the macroscopic strain. The effective Young’s modulus E, and
the effective Poisson’s ratio v. are related to effective Lamé coefficients as
E. = 1,34 +2u.)/(Ze + o) and ve = Ao/ (2(Je + 1)), respectively.
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F. EFFECTIVE-SCALE TRANSPORT MODELS

Effective-scale models make no specific assumption about the geometry of the
pore space, and the reaction-transport equations are formulated with the con-
centration field averaged over a certain effective spatial scale. All the effective-
scale models use in general the so-called tortuosity t as a fitting parameter. The
tortuosity can be related to the geometry of the pore space, cf. Section I1.C, but
it lumps too much information to be used as a single characteristic of the porous
medium, because it depends also on pressure and on the actual set of diffusing
gases (Aris, 1975; Bhatia, 1986; Jackson, 1977).

The constitutive equations of transport in porous media comprise both
physical properties of components and pairs of components and simplifying
assumptions about the geometrical characteristics of the porous medium. Two
advanced effective-scale (i.e., space-averaged) models are commonly applied for
description of combined bulk diffusion, Knudsen diffusion and permeation
transport of multicomponent gas mixtures—Mean Transport-Pore Model
(MTPM)—and Dusty Gas Model (DGM); cf. Mason and Malinauskas
(1983), Schneider and Gelbin (1984), and Krishna and Wesseling (1997). The
molar flux intensity of the ith component /V; is the sum of the diffusion N? and
permeation V¥ contributions,

Ni=N AN, i=1..n (35)

In the DGM, the solid phase is modeled as giant dust molecules held motionless

in space with which the diffusing gas molecules collide. The constitutive equa-

tions governing the diffusion molar flux intensities N? for both MTPM and
DGM are the generalized Maxwell-Stefan equations

N n oy N9 —yNd —crVy;  MTPM

W e ’ (36)

i

—+ D

K —

KT 4 Do V(cry) DGM

for i = 1,...,n, where y; is the mole fraction of the ith component, ¢t the total
concentration, ijff =y Dj; the effective binary diffusion coefficient, D the bi-
nary bulk diffusion coefficient, and i/ the geometrical factor formally defined as
the ratio of porosity ¢ and tortuosity t, ¥ = ¢/1. Parameter DlK =y (r)K; is the
effective Knudsen diffusivity of the ith component, where the Knudsen coef-
ficient is K; = %\/SRT/(nM,-), (r) the mean pore radius, R the gas constant, T
the temperature, and M; the molecular weight of the ith component.

Both MTPM and DGM share the Darcy’s constitutive equation governing
the permeation molar flux intensity of the ith component N?,

YiKi
RT

NP = —yx;Ver = — Vp, i=1,...,n 37
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where x; is the effective permeability coefficient of the ith component. In the
case of DGM, all effective permeability coefficients are identical, 1i.e.,
K=Kl =...= Ky

K = Kop/n (38)

where # is the dynamic viscosity and x, the Darcy’s permeability. For cylindrical
pores with mean square pore radius (r%), the parameter x, can be formally
replaced by ko = (r?) /8. A number of correlations are available to estimate x,
e.g., the popular Carman—Kozeny equation applicable for the aggregated bed of
spheres. MTPM assumes that the decisive part of the gas transport takes place
in transport pores that are considered to be cylindrical capillaries distributed
around the mean value (r). The width of this distribution is characterized by the
mean value of the squared transport-pore radii (r*). Effective permeability x can
be in the case of the single component permeation described by MTPM ap-
proximated by the Weber equation

K= (YK + p/(8n) (39)

where K is the Knudsen number.

The DGM by Mason and Malinauskas (1983) is the frequently used alter-
native to effective Fick’s diffusion for the calculation of the multicomponent
diffusion and convection in the porous media. A number of special features of
multicomponent diffusion and convection in the pore space have been outlined
by Krishna (1993).

Ill. Transformations

The microstructure of the multiphase media is often the product of phase
transitions, e.g. (i) capillary condensation in the porous media, (ii) phase sep-
aration in polymer/polymer and polymer/solvent systems, (iii) nucleation and
growth of bubbles in the porous media, (iv) solidification of the melt with a
temporal three-phase microstructure (solid, melt, gas), and (v) dissolution,
crystallization or precipitation. The subject of our interest is not only the to-
pology of the resulting microstructured media, but also the dynamics of its
evolution involving the formation and/or growth of new phases.

The structure of the porous media can also be shaped by mechanical and
electrostatic forces, e.g., sheeting of granules at conveyor walls (Yao et al.,
2004), deposition of solid grains in the porous media, and fragmentation of
catalyst carriers. Simple examples of mechanical diagenesis of porous media
were already illustrated in Section I1.D.4. In this section, we first describe
the morphological operation of skeletonization and the methods used for the
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simulation of various phase transitions, and then discuss the modeling of
chemically reactive systems.

A. SKELETONIZATION

Let us first discuss the mapping from the phase function defined in Section
I1.A into the pore-network diagram. The analysis of the network connectivity of
the pore (or solid) phase can be based on the construction of skeleton its
(Thovert et al., 1993). In the skeletonization of the porous phase, the elements of
the object are removed until only the skeleton remains. This process is called
“thinning” in the terminology of mathematical morphology. The constructed
skeleton of the pore phase allows the analysis of its topological characteristics,
and the determination of the connected and percolating components of the po-
rous phase, e.g., transport or dead-end pores. Liang et al. (2000b) extracted the
skeleton of pore space using an improved parallel thinning algorithm introduced
by Ma and Sonka (1996). Once the skeleton is obtained, its vertices and edges
can be identified as well as the minima in the cross-sectional area of pores along
the skeleton branches, which correspond to bottlenecks of the pore space.

We applied a skeletonization method not to the pore space, but to the solid
phase in order to find the bottlenecks of the skeleton of the solid phase (Grof
et al., 2003). An illustrative example of the object and its skeleton is shown in Fig.
11. We employed the fully parallel 3D thinning algorithm described by Ma and
Sonka (1996) that preserves the original connectivity of the processed phase.
During the thinning, an object element is removed if its neighborhood satisfies any
of the deleting templates, and the thinning ends when no additional object element
can be removed. The elements of a resulting skeleton can then be classified as

(1) Line-end elements if they have only one neighboring element.
(2) Edge elements if they have two neighboring elements.
(3) Vertices elements if they have three or more neighboring elements.

The cross-sectional area of the solid phase perpendicular to the skeleton edge
is calculated along all skeleton branches of the solid phase. The solid phase is
then disconnected at the points corresponding to the absolute minima of that
cross-sectional area for every skeleton edge (branch); cf. Grof et al. (2003). Ex-
amples of solid-phase fragments of the porous media formed by the disconnec-
tion of the solid-phase skeleton at weak points are shown in Figures 11 and 12.

B. PHASE TRANSITIONS

1. Free Surface and Interfacial Flows

Simulation of free-surface and interfacial flows is a topic with many practical
applications, e.g., the formation of droplet clouds or sprays from liquid jets,
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FiG. 11. Schema of skeletonization of porous media by the algorithm of conditional thinning and
disconnection of the skeleton at the weak points to predict the location of fractures. Classification of
skeleton elements according to number of neighboring elements: line-ends (1 neighboring element),
edges (2), vertices (3 and more) (from Grof et al., 2003).

Size of cube

64x64x64 158 fragments

Skeleton of the solid phase

Fic. 12. Skeleton of the the solid phase of spatially 3D reconstructed porous medium obtained by
conditional thinning and disconnection of the skeleton at the weak point (from Grof et al., 2003).

collision of liquid droplets, capillary condensation in pores, dissolution of po-
rous granules, and drying (Kohout et al., in press). Major difficulties in sim-
ulations are associated with the change of the interface topology that occurs
during the coalescence or breakup of droplets.

Simulation methods for problems with free surfaces governed by Navi-
er—Stokes equations were reviewed by Scardovelli and Zaleski (1999). The spe-
cific problems of these simulations are the location of the interface and the
choice of the spatial discretization:

¢ In fixed-grid methods, there is a predefined grid that does not move with the
interface. The interface has to somehow cut across this structured or un-
structured fixed grid. The popular Volume of Fluid (VOF), Level Set (Sethian,
1996) or cellular automata methods are examples of a fixed-grid approach.
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¢ In moving-grid methods, the interface is a boundary between two subdomains
of the grid. The interface then identifies, at some order of approximation, with
boundaries of elements into which the phases are discretized. When the in-
terface undergoes large deformations, the grid has to be remeshed.

¢ In particle-technique methods, no grids are needed. The liquid is considered to
be discretized into number of particles with force interacting among individ-
ual particles (Heyes et al., 2004).

_ Let us introduce the VOF method in more detail. The phase volume function

Sf1(r) is defined by /| = 1 in phase 1 and '} = 0 in phase 2; cf. Eq. (I). A discrete
analog of the phase volume function f| is the scalar field ¢, known as the
volume fraction (or area fraction in spatially 2D cases). It represents the fraction
of the volume of the voxel with size /# and the coordinate of its center r filled
with the phase 1,

- N
m=7/ 71+ u) du (40)
h Juel—ny2,n)28

where a cubic mesh with a constant grid spacing / is considered. We have
0<¢,<1 in cells cut by the interface S and ¢, =0 or 1 away from it. In
the incompressible flow, mass conservation is equivalent to conservation of
the volume and hence of the characteristic function ¢,. In the VOF method, the
algorithmic scheme is local in the sense that only the ¢, values, pressure, and
velocity field of the neighboring cells are needed to update the ¢, (r) value in the
voxel with coordinates r. For this reason, it is relatively simple to implement
these algorithms in parallel and, in particular, within the framework of domain
decomposition techniques.

The central problem of the VOF method is the reconstruction and represen-
tation of the interface. For example, in two spatial dimensions, the interface is
considered to be a continuous, piecewise smooth line; the problem of its re-
construction is that of finding an approximation to the section of the interface in
each cut cell by knowing only the volume fraction ¢, in that cell and in the
neighboring ones.

2. Capillary Condensation in Porous Media

Operations like pressure swing adsorption involve the condensation of the
liquid in the porous medium. Several researchers developed predictive models of
the configuration of liquid phase in the wet, unsaturated, porous media. The
method developed by Silverstein and Fort (2000) is based on simulated an-
nealing with random swapping of gas and liquid elements in the system to
achieve a global energy minimum defined by

G =) A (41)
i
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where i represents the interface, G} the total interfacial free energy of the system,
A; the area of the interface, and y; the interfacial free energy of the interface. As
a result of interfacial tension, the system tends to minimize surface area A for a
given volume of condensate V/, and this minimization is subjected to the Kelvin
equilibrium and wetting angle constraints. The Kelvin equation relates the in-
terface curvature radius r and the equilibrium vapor pressure above it p*,

r=poexn|-2 )
Here p, is the saturated vapor pressure at temperature 7, y the surface tension,
V. the molar volume of the liquid, and the curvature radius r is conventionally
taken as negative for concave interfaces. Kelvin equation for a non-ideal mul-
ticomponent mixture was derived by Shapiro and Stenby (1997).

Stepanek et al. (1999) presented an algorithm for tracking the evolution of
liquid—vapor interfaces moving with curvature-dependent velocity so as to reach
an equilibrium shape, which represents the local minimum of a global Gibbs
energy. Their algorithm is derived from the level-set approach (Sethian, 1996),
and was applied to the modeling of capillary condensation hysteresis cycles in
reconstructed porous media. Concave interfaces tend to evaporate spontane-
ously, while either condensation or evaporation can occur on a convex interface,
depending on its curvature and the total pressure and composition of the vapor
phase. Interface displacements are curvature-dependent; the curvature radius r
is calculated by locally approximating the interface by an elliptic paraboloid
oriented so that its axis is identified with the liquid—gas interface normal vector
given by Eq. (6).

In the algorithm of Stepanek et al. (1999), the simulated domain is discreti-
zed into a set of cubic volume eclements; the phase-encoding alphabet is
A = {s,1,f, g} (meaning solid, liquid, interface, and gas, respectively). In addi-
tion, a value ¢; € (0, 1) expressing the volume fraction of condensate in the ith
discretization element (i.e., its saturation) is assigned to every interface element.
The driving force of the interface growth in terms of the partial pressure,
llp — p*I|<p,, was used as a convergence criterion of the algorithm. The pa-
rameter p, has a physical meaning of the potential barrier to phase transition,
which reveals itself by the existence of oversaturated vapors and metastable
liquids.

3. Formation of Gas Cavities in Liquid-saturated Porous Medium

The formation of gas bubbles in a porous medium affects, e.g., the perform-
ance of anaerobic granular sludge particles containing entrapped gas (waste-
water treatment), or the performance of electrochemical reactors where a gas
(hydrogen, oxygen, chlorine) evolves inside a porous electrode. A related prob-
lem is that of bubble nucleation on structure surfaces, which can be as varied as
specially designed surfaces for enhanced nucleate boiling heat transfer, or the
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wall of a champagne glass (Liger-Belair ez al., 2002). In porous media, patterns
and rates of gas evolution are different than in the bulk phase because of the
heterogeneous nucleation. Moreover, the solute transport, capillary and viscous
forces affect the growth of gas bubbles in the porous media (Dominquez et al.,
2000). The first model of the bubble growth in the porous medium driven by a
constant or a time-varying supersaturation in the far field was presented by Li
and Yortsos (1995). The porous medium was represented in their study by an
equivalent network of nodes (pore bodies) and bonds (pore throats) of distrib-
uted sizes.

According to the Young-Laplace equation, a pressure difference Ap is re-
quired to support a stable, curved interface with curvature radii ; and r;, (by
convention, positive for convex interfaces and negative for concave ones),

11
Ap:pg—pl=0<—+—> (43)

re. n

Another condition that has to be satisfied by a stable gas cavity existing in the
pore space is that the solid wall and the gas—liquid phase boundary must join at
a certain contact angle &, which depends on the wettability of the solid phase.

Stepanek et al. (2001b) developed an algorithm for finding a configuration of
gaseous and liquid phases in a porous medium, satisfying certain curvature at all
gas-liquid interfaces and a predefined contact angle at all gas—liquid—solid
contact lines; cf. Fig. 13. Their algorithm is based on a modified level-set

Fr
BEE

Fic. 13. Simulation of bubble growth and coarsening in a water-saturated porous medium (from
Stepanek et al., 2001b).

Initial condition

Equilibrium state
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method for the tracking of moving interfaces propagating with curvature-
dependent velocity (Stepanek et al., 1999). The saturation of gas—liquid inter-
face voxels described by the saturation function g; € (0; 1) is updated according
to dg; = a(p,/n)(1 — pt) df, where « is a numerical parameter determining
the rate of convergence and stability » the viscosity of the liquid, and
Py =py—0'(1/ry +1/ry), with p, =p,/p, using the gas over-pressure, ¢’ =
o/(ap;) a dimensionless capillary pressure, and | and ; are the estimates of the
interface curvature radii.

4. Solidification of Melts

Microstructure evolution in solids formed from a melt is important in proc-
esses such as prilling or casting. For example, in aluminum alloy shape casting
the final microstructure depends directly on the as-cast microstructure since the
only post-casting process is the heat treatment. The micro-porosity formed
owing to the combined effects of the volumetric shrinkage upon the solidifi-
cation of the melt and the precipitation of the dissolved hydrogen affects the
final properties of the aluminum alloy.

A solidification model of the aluminum melt was proposed by Atwood and
Lee (2003) and by Lee et al. (2004), and consists essentially of the grain growth
and pore growth sub-models. The nucleation and growth of the solid phase and
gas bubbles simulated by the cellular automata method, whereas the multi-
component diffusion and partitioning in a three-phase system (liquid melt, solid
grains, and gas) are simulated by a finite difference method. The driving force in
the cellular automata algorithm for both the nucleation and growth of the solid
phase is the local under-cooling. Hence, the heat balance equations at the mac-
ro-scale are required. When the amount of the solid in a voxel increases, the
dissolved solutes are partitioned between the solid and liquid phases. The
change in the solute concentration affects the degree of under-cooling and,
hence, the nucleation and growth processes. Similarly, a pore may form in a
voxel by a nucleation event, and a pore may expand into a neighboring cell if the
concentration of hydrogen in the melt favors it.

5. Spinodal Decomposition

Nauman and He (2001) considered the modeling of the formation of two-
phase morphologies by the spinodal decomposition of the initially homogene-
ous polymer/polymer or polymer/solvent mixture that was thermally quenched
into a two-phase region. Let us outline their modeling approach.

Fick’s diffusion cannot be applied to the description of the evolution of
multiphase systems because it acts to smooth concentration differences and
drives the system toward the uniform concentration profiles of species. Instead
of Fick’s diffusion, where the concentration gradient acts as a driving force, the
intensity of the diffusion flux N of the species A can be considered to be
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proportional to the gradient of the chemical potential

Pa
Na=-D RT Vs (44)
where D is the diffusion coefficient, ¢, the mole (or volume) fraction, and i,
the chemical potential of component A. Let g,,;, be the free energy of mixing of
the binary mixture. Then the chemical potential of component A is
HUA = Gmix + (L — @A) (0gmix/Ob4). The local balance of species A correspond-
ing to Eq. (44) is

O0da Pall = Pp) & Gumi fr
—Vv.|D L v4 =V.(D"v 45
= RE - age Voa| =V Ve @
where D" is the effective diffusion coefficient. Let us assume that the Gibbs free
energy gmix of the polymer/polymer or polymer/solvent system is described by
the Flory-Huggins equation

Imix _ Paln gy +(1 —¢a)In(l — ¢p)
RT ~  Nj Np

+1PA(l — Pp) (46)

where N4 and Ny are dimensionless numbers chosen to reflect relative molec-
ular size and y the interaction parameter. Substituting from Eq. (46) into Eq.
(45) gives the effective diffusion coefficient

p@alNa+(=$)Ns
NaNg

Deff —

=201 = $A)1 )

The effective diffusion coefficient becomes negative for some range of compo-
sition when y is sufficiently large. The separation of phases requires an up-hill
diffusion (characterized by negative D°™) in which the material moves against
concentration gradients. The kinetics of the separation and the morphology of
separated phases depend on the details of such diffusion.

For a system to exhibit two-phase behavior, it is necessary that ¢ (¢a)
has two minima within 0<¢, <1. The points near the minima of g ()
are called the binodal points, qﬁk <¢4, and are given by the condition
gl (PN) = gl; (¢4), where the derivative g, = Oy /0p. The condition of
two minima of g, (¢n) implies g”. (¢n) = O*gmix /O3 <O for some interval
within 0 < ¢, < 1. The points d)fi and ¢}, where g/ (¢) = 0, are the spinodal
points, and the region between these points is thermodynamically unstable. The
effective diffusivity D is negative in this region, cf. Egs. (45) and (47). An
initially homogeneous mixture quenched to lie within this region will undergo
spontaneous phase separation by the process of spinodal decomposition. How-
ever, Eq. (45) does not account for a surface energy term in the free energy
expression.
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The remedy is to assume that the free energy of mixing of the system AGpix
depends both on the composition at a point ¢, as well as on the composition
gradient Vi,

AGi = / [gmix+g(v¢A)2 av 48)
V

where « is the gradient energy parameter that is related to the surface tension o.
Equilibrium is achieved when the above integral is minimized subject to the
material balance constraint, i.e.,

I
_I7/V¢A av 49)

where ¢, is the mean concentration of species A. Let us consider ¢, within the
two-phase region and the system governed by Eq. (48). Then phase separation
would lower the free energy through the g,,;x term but would necessarily cause a
gradient, which would raise the free energy through the x term. A consequence
of this trade-off between bulk and surface energies is that very small systems will
not bifurcate into two phases but will remain in the single phase.

Eq. (48) suggests that the gradient of composition be introduced into the
generalized definition of chemical potential

A = mix = 5 (VOAY + (1 = ) Ghix — V7 0) (50)

The local balance equation (45) can then be reformulated with the generalized
(or gradient-dependent) chemical potential defined by Eq. (50) into

5;’% =V {D i’} V(gmix - E(v<z>A)2 + (1 + Pa)(Gix — szqu))]
q’)A(l ¢A)( m1xV¢A - KV3¢A) (51)

Spinodal decomposition simulated with Eq. (51) does not generate stationary
equilibrium configurations. Instead, it gives non-equilibrium structures that
continue to evolve in time even in the late stages of the simulation. There are
two mechanisms for domain growth in such quiescent systems. The first is
Ostwald ripening, where diffusion of individual molecules through the contin-
uous phase will grow large domains at the expense of smaller ones. The second
mechanism is coalescence induced by Brownian motion or convection.

The concept of spinodal decomposition can be extended to multicomponent
systems and allow the prediction of various morphologies, e.g., core-shell par-
ticles, dual-continuous phases, dual-dispersed phase, and more complex struc-
tures. Spinodal decomposition simulations, in contrast to cellular automata, do
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not require adjustable constants to predict non-equilibrium morphologies in
binary and ternary polymer systems.

6. Deposition and Dissolution in Porous Media

One of the important transformation processes in the porous media is the
deposition of solid material in pores and the subsequent clogging of the fluid
flow through the porous medium. Typical examples are filtration and clogging
of well walls in oil fields due to the particles present in the injected fluid. An-
other example is the deposition of clusters of active catalyst species in porous
supports.

Salles et al. (1993) modeled the flowing fluid through the porous medium
coupled with the deposition of solid particles resulting in the modification of the
geometry of the pore space and of the flow through the medium. The velocity
field is determined by solving the Stokes equations (26) in the current state of
the pore space. The deposition rates are calculated by means of random walks,
i.e., the trajectories of individual particles are governed by the convection of the
fluid and by the Brownian diffusion. Each time a particle hits a solid wall, it is
assumed to stick there, and the amount of such particles is recorded for every
elementary area of the solid-liquid interface, i.e., for every face of elementary
voxel lying on this interface. Whenever the cumulative quantity of matter de-
posited on the faces of a given voxel reaches a prescribed threshold, this voxel is
converted to solid.

Control of the deposition of Pd films in porous alumina under supercritical
CO, conditions was investigated by Gummalla et al. (2004). Their model cap-
tures transport of reactants through the network of capillary pores, homoge-
neous reaction of reagents producing an intermediate species, nucleation, and
growth of the film as a moving boundary problem. The nucleation is treated
stochastically at the finest level, whereas transport and reaction at coarser levels
are treated deterministically.

In the petroleum industry, HCI is routinely injected into carbonate forma-
tions in order to improve oil or gas production. It is known that the porous
medium is not etched uniformly by the reactive fluid but that unstable disso-
lution patterns consisting of highly ramified, empty channels are formed. The
channels are commonly called “wormholes.” As soon as a wormhole pattern
develops, all the fluid will flow through it. Any local increase in the flow rate
results in an increase in the local dissolution rate. A piece of porous medium in
which a wormhole pattern has been created can be considered as composed of
two parts: the first part (wormholes) of very large permeability, and the second
part keeping its original permeability.

Daccord et al. (1993a, b) investigated systematically the types of patterns
that develop by the etching of the porous medium, when the flow rate and
the reaction rate (i.e., rate of dissolution) are varied. When the kinetics of the
surface reaction is limited, the porous medium is etched in a uniform way on
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the microscopic scale, and there is a reaction front of macroscopic size. Mass-
transport-limited kinetics creates empty channels (wormholes), which by-
pass most of the porous medium. For low flow rates, all the dissolution takes
place at the entrance of the pores of the medium, and compact patterns are
observed.

C. CHEMICALLY REACTIVE SYSTEMS

The heterogeneous reactors with supported porous catalysts are one of the
driving forces of experimental research and simulations of chemically reactive
systems in porous media. It is believed that the combination of theoretical
methods and surface science approaches can shorten the time required for the
development of a new catalyst and optimization of reaction conditions (Keil,
1996). The multiscale picture of heterogeneous catalytic processes has to be
considered, with hydrodynamics and heat transfer playing an important role on
the reactor (macro-)scale, significant mass transport resistances on the catalyst
particle (meso-)scale and with reaction events restricted within the (micro-)scale
on nanometer and sub-nanometer level (Lakatos, 2001; Mann, 1993; Tian ef al.,
2004).

When modeling phenomena within porous catalyst particles, one has to de-
scribe a number of simultaneous processes: (i) multicomponent diffusion of
reactants into and out of the pores of the catalyst support, (i) adsorption of
reactants on and desorption of products from catalytic/support surfaces, and
(iii) catalytic reaction. A fundamental understanding of catalytic reactions, i.e.,
cleavage and formation of chemical bonds, can only be achieved with the aid of
quantum mechanics and statistical physics. An important subproblem is the
description of the porous structure of the support and its optimization with
respect to minimum diffusion resistances leading to a higher catalyst perform-
ance. Another important subproblem is the nanoscale description of the nature
of surfaces, surface phase transitions, and change of the bonds of adsorbed
species.

Reaction-transport processes in heterogeneous reactors involve spatial scales
in the range from 10 to 10m. Here, we are going to survey simulation ap-
proaches employed on the scales of nanometers to millimeters.

1. Monte Carlo and Molecular Dynamics Methods

Owing to the large number of molecules in a typical catalyst particle, the
sampling to a limited region of the configuration space has to be employed in
order to allow computational feasibility. A typical algorithm utilizing the MC
approach is the Metropolis algorithm, which generates a random walk in the
configurational space (e.g., Allen and Tildesley, 1988). Let us suppose that we
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have N molecules in a given configuration confined in a cubic box. Then the
following steps are performed iteratively:

(1) a molecule is randomly chosen;

(i1) a trial move is attempted and the molecule is thus displaced and rotated, so
that a new set of coordinates is generated from the old one;

(ii1) the change in energy of the system Az due to the trial move is calculated. If
the energy Ax has decreased, the move is accepted. If the energy 4 has
increased, the move is accepted with the probability exp(—A4g/kT), where k
is the Boltzmann constant and 7 is the temperature of the system.

For the computation of dynamic properties in physical systems with a high
degree of freedom, MD is the most widely used approach. MD calculates the
motion of an ensemble of atoms and molecules by integrating Newton’s equa-
tions. From the motion of the ensemble of atoms and molecules, both micro-
scopic and macroscopic information can be extracted, e.g., transport
coefficients, phase diagrams, and structural properties. The physics of the
model is contained in a potential energy function for the system, from which the
force equations for each atom and molecule are derived. The evaluation of the
total force acting on the atom or molecule is the time-consuming step of MD
simulations because it requires the computation of a wide range of expressions
consisting of terms with fractional powers or transcendental functions, and
because the summation of binary force interactions with the neighboring mol-
ecules confined in a spherical cutoff of properly chosen radius has to be carried
out.

Monte Carlo methods allow the simulation of the reaction kinetics on nano-
meter-sized (1-100 nm) metal or metal-oxide crystallites deposited on the sur-
face of a porous support (McLeod and Gladden, 1998). The complexity of such
systems in combination with relatively high reactant pressures used in the in-
dustry hinders the application of results obtained with surface science micros-
copy and spectroscopy methods (Jansen et al., 2001; Wolff et al., 2003). The
complex factors inherent to nanometer chemistry are the reactant supply via the
surface diffusion, interplay of reaction kinetics on different facets of crystallites
due to the inter-facet diffusion, different rates of reactions on different types of
facets, oscillation, and chaos on the nanometer scale (van Neer and Bliek, 1999;
Zhdanov, 2002). MC simulations allow one to investigate the kinetics of chem-
ically induced Ostwald ripening on facets of nanometer catalyst particles. An-
other important effect associated uniquely with small catalyst crystallites on a
support is the spill-over effect, consisting generally of adsorption on the support
followed by diffusion from the support to the catalyst crystallite or vice versa.
The size of the smallest pores in pellets or washcoat varies from 1-2 to =50 nm.
The size of metal crystallites may vary over a very wide range as well. For
example, Pt and Rh particles of car exhaust cleaning catalysts are typically
10-100 nm large after some time of use.
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Zhdanov and Kasemo (2000) considered the reaction 2A + B, —2AB occur-
ring via the standard Langmuir—Hinshelwood (LH) mechanism,

Agas = Aads (52)
(BZ)gas — 2Bads (53)
Aads + Bags — (AB)gas (54)

This scheme mimics, e.g., CO or H, oxidation on the noble metal catalysts Pt,
Pd, or Rh, where symbol A stands for CO or H, and B, for O,. The reaction was
simulated on a 2D lattice of adsorption sites. To compare the rates of diffusion
and reaction, it is useful to employ the Arrhenius form to represent the rate
constants of diffusion jumps of A and B particles to nearest-neighbor vacant
sites and for the reaction between two nearest-neighbor reactants, respectively.
The diffusion of A is usually rapid when compared to the LH step, while the
rate constant for the LH step might be higher, close to, or lower than that for
the diffusion of B,. The MC algorithm used to simulate the A + B, reaction is as
follows:

1. A site on the catalyst surface is selected at random. If the site is vacant,
adsorption is attempted (item (2)). If the adsorption trial is successful, the
newly adsorbed molecule tries to react (item (3)).

2. A molecule for adsorption is chosen to be A with the probability p and B,
with the probability 1—p, where p<1 is the parameter characterizing the
relative impingement rates of A and B,. To realize adsorption of B,, a con-
figuration for B, is selected at random. An adsorption trial is considered to
be successful provided that all the sites of the selected configuration are
vacant and belong to the catalyst. Adsorption of the chosen molecule A is
realized with the unit probability.

3. For reaction, all the molecules that neighbor the newly adsorbed molecule
are identified and one of them is chosen to react.

The size of the crystallites affects the selectivity of reactions with larger mol-
ecules, e.g., hydrocarbon chains. Small islands of sites inhibit the adsorption of
larger molecules, because all adsorption sites for the selected configuration of
the larger molecule have to be vacant. As a general rule, catalytic reactions are
structure-sensitive on the scale <10nm (Piccolo et al., 1999).

A lattice-gas model of the NO + CO/Pt(100) reaction was found by Makeev
and Kevrekidis (2004) to exhibit bistability and kinetic oscillations. In this
simulation, the catalyst surface was represented by a square lattice with periodic
boundary conditions. The model includes both chemical reactions and transi-
tions of adsorbed reactants from the nearest-neighbor sites, which are in the
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context of the MC simulation described by transition probabilities. The mac-
roscopic simulations of the reactor or catalyst particle can be coupled with
microscopic simulations over relatively small “patches” of the macroscopic
computational domain, which could thus provide an approximation of reaction
terms in macroscopic equations.

Lombardo and Bell (1991) reviewed stochastic models of the description of
rate processes on the catalyst surface, such as adsorption, diffusion, desorption,
and surface reaction, which make it possible to account for surface structure of
crystallites, spatial inhomogeneities, and local fluctuations of concentrations.
Comparison of dynamic MC and mean-field (effective) description of the prob-
lem of diffusion and reaction in zeolites has been made by Coppens et al. (1999).
Gracia and Wolf (2004) present results of recent MC simulations of CO ox-
idation on Pt-supported catalysts.

2. Reaction in Fractal Porous Media

Fractals are self-similar objects, e.g., Koch curve, Menger sponge, or Devil’s
staircase. The self-similarity of fractal objects is exact at every spatial scale of
their construction (e.g., Avnir, 1989). Mathematically constructed fractal po-
rous media, e.g., the Devil’s staircase, can approximate the structures of metallic
catalysts, which are considered to be disordered compact aggregates composed
of imperfect crystallites with broken faces, steps, and kinks (Mougin et al.,
1996).

In the fractal porous medium, the diffusion is anomalous because the mol-
ecules are considerably hindered in their movements, cf. e.g., Andrade et al.,
1997. For example, Knudsen diffusion depends on the size of the molecule and
on the adsorption fractal dimension of the catalyst surface. One way to study
the anomalous diffusion is the random walk approach (Coppens and Malek,
2003). The mean square displacement of the random walker (R?) is not pro-
portional to the diffusion time ¢, but rather scales in an anomalous way:

lim (R?) ~ ¢2/Pv (55)
—00
where the dimension of the walk D,, is generally greater than 2. The anomalous
scaling law Eq. (55) implies that the classical Brownian or Gaussian diffusion
law is no longer valid in fractal media because the fractal substrate induces
large-scale correlations on the molecular movement. Consequently, Fick’s law is
also invalid in its classical form.

Coppens and Froment (1995a, b) employed a fractal pore model of supported
catalyst and derived expressions for the pore tortuosity and accessible pore
surface area. In the domain of mass transport limitation, the fractal catalyst is
more active than a catalyst of smooth uniform pores having similar average
properties. Because the Knudsen diffusivity increases with molecular size and
decreases with molecular mass, the gas diffusivities of individual species in
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multicomponent mixtures will mostly be closer to each other than predicted by
the classical expression. It is generally impossible to construct an equivalent,
smooth cylindrical pore that leads to the same concentration and flux profiles as
those obtained for a fractal pore (Coppens and Froment, 1995a, b). Even when
the concentration or pressure profiles in a cylindrical pore are similar to those in
the fractal pores, the amounts reacted or produced are usually predicted er-
roneously by classical Euclidean models. For example, in the fractal pore, up to
7.1 times more vinyl acetate is predicted to be produced on a Pd/Al,O; catalyst
than in the smooth pore (Coppens and Froment, 1994).

The selectivity and deactivation processes in pore fractals such as the Sier-
pinski gasket were simulated by Gavrilov and Sheintuch (1997) and Sheintuch
(1999). Their studies investigated, e.g., the effect of the fractal pore structure on
the selectivity of a system that incorporates two parallel reactions. Geometrical
factors, which influence dynamic processes in a porous fractal solid media, were
also investigated by Garza-Lopez and Kozak (1999).

3. Reaction-transport Models in Reconstructed Porous Media

After the spatially 2D or 3D model of the porous catalyst support and the
distribution of catalyst are generated, the multicomponent diffusion, adsorp-
tion, and chemical reaction within this porous structure can be modeled.

Rieckmann and Keil (1997) introduced a model of a 3D network of inter-
connected cylindrical pores with predefined distribution of pore radii and con-
nectivity and with a volume fraction of pores equal to the porosity. The pore
size distribution can be estimated from experimental characteristics obtained,
e.g., from nitrogen sorption or mercury porosimetry measurements. Local he-
terogeneities, e.g., spatial variation in the mean pore size, or the non-uniform
distribution of catalytic active centers may be taken into account in pore-
network models. In each individual pore of a cylindrical or general shape, the
spatially 1D reaction-transport model is formulated, and the continuity equa-
tions are formulated at the nodes (i.e., connections of cylindrical capillaries) of
the pore space. The transport in each individual pore is governed by the Max-
well-Stefan multicomponent diffusion and convection model. Any common
type of reaction kinetics taking place at the pore wall can be implemented.

A similar model has been applied to the modeling of porous media with
condensation in the pores. Capillary condensation in the pores of the catalyst in
hydroprocessing reactors operated close to the dew point leads to a decrease of
conversion at the particle center owing to the loss of surface area available for
vapor-phase reaction, and to the liquid-filled pores that contribute less to the
flux of reactants (Wood et al., 2002b). Significant changes in catalyst perform-
ance thus occur when reactions are accompanied by capillary condensation. A
pore-network model incorporates reaction—diffusion processes and the pore
filling by capillary condensation. The multicomponent bulk and Knudsen dif-
fusion of vapors in each pore is represented by the Maxwell-Stefan model.
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Moreover, the convection of the vapors in the pores was considered and the
condensation in the pores was described by the multicomponent Kelvin equa-
tion (Shapiro and Stenby, 1977).

Two levels of intraparticle mass transport resistance are considered in various
grain or multigrain models, e.g., diffusion resistance in the macro- and micro-
pores in the particle of the highly porous char during its combustion (Cai and
Zygourakis, 2004) and monomer transport resistance in macro-pores and pol-
ymer micro-grains in the growing polyolefin particle (Debling and Ray, 1995;
Kosek et al., 2001a).

The techniques of meso-scopic modeling were also applied in the development
of the reaction—diffusion model for the hydration and setting of cement
(Tzschichholz ef al., 1996). At the initial stage, the cement particles or powder
(e.g., tricalcium silicate, Ca3SiOs) are mixed with water. Rapidly after mixing,
the dissolution and the reaction of the cement particles starts; the principal
reaction products are Ca’", OH, and stiOi_ ions, which diffuse into water.
However, for a given temperature the ion concentrations are bounded by finite
solubility products above which solid phases start to precipitate from the so-
lution. There are two precipitation reactions: (i) of calcium hydro-silicate (the
so-called ““‘cement gel”), and (ii) of calcium hydroxide or “Portlandite.” While
the growth of the cement gel is the basis for the whole cement binding process,
the growth of Portlandite mainly happens in order to compensate for the ac-
cumulation of Ca?>" and OH  ions in the solution. Tzschichholz et al. (1996)
proposed a simple stochastic cellular automation model for cement-hydration
setting to simulate the spatial and temporal evolution of precipitated micro-
structures starting from initial random configurations of anhydrous cement
particles. The model considers the spatial distribution of solid and liquid phases.
The three main chemical reactions (dissolution, precipitation of cement gel, and
Portlandite) are coupled with the transport of ions owing to the diffusion.

IV. Applications

A. MULTI-SCALE RECONSTRUCTION OF A CATALYST PELLET

Experimentally determined effective transport properties of porous bodies,
e.g., effective diffusivity and permeability, can be compared with the respective
effective transport properties of reconstructed porous media. Such a compar-
ison was found to be satisfactory in the case of sandstones or other materials
with relatively narrow pore size distribution (Békri e al., 1995; Liang et al.,
2000b; Yeong and Torquato, 1998b). Critical verification studies of effective
transport properties estimated by the concept of reconstructed porous media
for porous catalysts with a broad pore size distribution and similar materials
are scarce (Mourzenko ef al., 2001). Let us employ the sample of the porous



176 JURAJ KOSEK ET AL.

alumina with bimodal pore size distribution for such a comparative study; cf.
the intrusion mercury porosimetry data of the sample in Fig. 14.

The effective diffusivity and permeability of the porous alumina sample G1
were measured in the Graham diffusion cell and in the permeation cell (Salejova
et al., 2004), cf. Table 1. The porosity ¢ is separated into macro-porosity &macro
corresponding to large pores and nano-porosity &,,,, corresponding to small
pores, and & = émacro + €nano- 1he boundary in the classification between macro-
and nano-pores is somewhat arbitrary selected as the inflection point on the
integral mercury porosimetry curve in Fig. 14.

The pellets of porous alumina sample G1 were fractured by the application of
the mechanical force, and the bare granular surface of the fracture was exam-
ined by SEM; cf. Fig. 15 displaying the granular morphology on the level of
hundred micrometers and showing the sub-micrometer morphology. The grain
size distribution was evaluated from several SEM images (with the scaling bar
100 pm) as a necessary input for the reconstruction of the spatially 3D porous
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FiG. 14. Integral and differential intrusion mercury porosimetry data for sample G1 (from Salej-
ova et al., 2004).

TABLE 1
TEXTURAL ANALYSIS AND EFFECTIVE TRANSPORT PROPERTIES OF SAMPLE G1

Property Value
Porosity ¢ 0.580
Macro-porosity &macro 0.235
Nano-porosity €nano 0.345
Graham cell results, = ¢/t 0.199
Permeation cell results, (r)y 277 nm
Permeation cell results, ()i 421,000 nm?

0.182

Permeation cell results ((r)lﬁ)z, V= ((r)z//z)/((r2)l//)
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FiG. 15. Reconstruction of multiscale porous media, sample G1 (from Salejova et al., 2004).

structure. The equivalent grain diameter is the diameter of the circle with the
same area as that of the grain identified in the image.

The reconstruction algorithm of the granular media places spheres with di-
ameters corresponding to the grain size distribution (from Fig. 15) into a rec-
tangular box, where two pairs of opposite walls are subjected to periodic
boundary conditions. The aspect ratio of the height to the width of the rec-
tangular box is 10:1. Because the required target value of porosity of granular
media 1S &macro = 0.235, the individual grains are allowed to partially overlap.
The newly generated sphere is inserted at the lowest position z, in the z-direc-
tion, satisfying the equation

(r +12)( = Povertap) = \/(Xl —x2)’ + (1 =)+ (21— 2) (56)

where (x1,y,,z1) is the coordinate of the center of already placed sphere,
(x2, 4, 22) the coordinate of the center of the newly inserted sphere, and ry and r,
the sphere radii of the placed and newly inserted sphere, respectively. The re-
constructed sample is thus the list of (x, y, z, ) coordinates of sphere centers and
radii. Once the tall rectangular box is filled with spherical grains, its lower half is
removed to avoid the effect of regular configuration of spherical grains at the
bottom. The cube is selected from the remaining upper part of the rectangular
box and is discretized into 101 x 101 x 101 or 201 x 201 x 201 voxels.

The pore structure of the investigated sample G1 on the sub-micron level
(with the porosity epan = 0.345) is approximated by the Gaussian-correlated
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random field; cf. Fig. 15. The correlation length L, in Eq. (18) was selected as
the modal value of the mercury porosimetry, L, = 46 nm; cf. Fig. 14.

The ratio of effective and bulk diffusivity D*'/D is calculated in two steps.
First, the effective diffusivity of the nano-porous material with the porosity
€nano = 0.345 is calculated by the algorithm introduced in Section II.E.1. The
effective diffusivity of the nano-porous cube with the size 1 um and porosity
£nano = 0.345 displayed in Fig. 15 is /,,,, = DT/D = (0.112 + 0.004).

Then, the effective diffusivity of the macro-porous granular material is eval-
uated. The transport is again governed by the Fick’s equation (23), but diffusion
also takes place in the ““solid phase,”” which formally represents the nano-porous
material, cf. Fig. 15. The diffusion coefficient in the ‘“solid phase” is
D4 =y D =0.112D, where D is the bulk diffusivity. The concentration
field in the macro-porous media is the solution of Eq. (23) with a diffusivity

1 in macro-porous phase
D= { (57)

0.112(= Ypano) 1n solid phase

The boundary condition of zero accumulation on the interface between macro-
pores and “‘solid phase™ is imposed. The effective diffusivity of the porous
sample G1 with bimodal pore size distribution is summarized in Fig. 16, where
the sample macro-porosity &macro 1S varied on the horizontal axis. This effective
diffusivity is compared with a situation where the diffusion transport in nano-
pores is omitted. The contribution of the transport through the nano-porous
solid phase to the total diffusion flux is significant. The calculated effective

0.35 - sample G1
0.30 | y= DD for diffuision
0.25 | in both macro- and

a nano-pores

S 0.20 | o EXperimental

a value

1 0154
0.10 - : y=D°"/D for diffusion
0.05 only in macro-pores
0.00 ~

0.10 0.15 0.20 0.25 0.30 0.35 0.40
macro-porosity &macro

FiG. 16. Effective diffusivity of the examined porous sample G1 calculated for: (i) Fick’s diffusion
both in macro- and nano-pores, and (ii) Fick’s diffusion in macro-pores only. The experimental
value of Y = D" /D = 0.199 was determined in Grahams diffusion cell. Only grains larger than
10 pum were used in the reconstruction of macro-porous media (from Salejova er al., 2004).
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diffusivity is approximately about 10% higher than that determined experi-
mentally in the Graham diffusion cell (Salejova et al., 2004).

The pressure-gradient-driven permeation through nano-pores is considered to
be negligible owing to their small characteristic diameter. Therefore, the Darcy’s
permeability ko was calculated only in the macro-porous reconstructed media.
The predicted Darcy’s permeability rq is ~3 times larger than the experimental
value measured in the permeation cell. This discrepancy is caused by the dif-
ficulty of determining the fraction of small grains (< 10 um) in the real sample,
the assumption of perfectly spherical grains, and by neglecting the effect of the
clogged pores (Salejova et al., 2004).

B. RECONSTRUCTION OF CLOSED-CELL POLYMER FOAM STRUCTURE

This work was motivated by the need to quantify the pentane vapor diffusion
through closed-cell polystyrene foam (Salejova et al., 2005). Once the polysty-
rene foam is formed, the pentane as the blowing agent has to diffuse out from
the cellular microstructure and is replaced by air. Freshly foamed polystyrene is
not dimensionally stable and it shrinks as it relaxes on the timescale of days to
weeks. Environmental concerns call for the reduced consumption of pentane as
the blowing agent.

Three-dimensional foam structures can be generated by Voronoi tessellation
of sites located on random or regular (e.g., cubic or hexagonal) lattices (Bowyer,
1981). The Voronoi polyhedron is the region of space around a site such that
each point of this region is closer to the site than to any other point of the
system. A simulated annealing algorithm in connection with Voronoi tessella-
tion can be used to produce a replica of the foam with cell-size distribution
corresponding to that of an experimentally processed image of the foam struc-
ture. The foam structure can then be reduced to an equivalent network of
conductors on which the steady-state diffusion problem is solved and the ef-
fective diffusivity determined.

The 3D structure of a foam sample can be obtained by X-ray micro-tomo-
graphy (Elmoutaouakkil et al., 2002) or it can be reconstructed from a series of
2D images (Garcia-Gonzales et al., 1999). The former technique has been used
recently for the structural characterization of PVC foams by means of cell
volume distribution, cell coordination number, wall thickness distribution, and
total porosity (Elmoutaouakkil ez al., 2003). It is also possible to generate foam
structures computationally as 3D Voronoi tessellations (Lee, 1999). This was
done, e.g., by Kraynik et al. (2003), who studied the structure of foams gen-
erated by random close packing of monodisperse spheres. Finally, foam struc-
tures can be generated by computer simulation of the foaming process. Models
of the key steps of bubble nucleation and coarsening (Hilgenfeldt et al.,
2001a,b), bubble growth (Koopmans et al., 2000), and foam expansion (Joshi
et al., 1998; Korner et al., 2002) have been implemented.
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The Voronoi tessellation has been constructed by the following algorithm
(Lee, 1999), and its purpose is to generate the 3D structure of high-porosity
foams in a computational unit cell consisting of N, x N, x N. voxels. The
algorithm starts from N, sites distributed in the unit cell either randomly or at
random perturbations of regular lattice positions for two types of lattices—a
cubic lattice and a hexagonal lattice. Then, a distance map (“‘watershed”) is
generated by finding the Euclidean distance from each voxel in the unit cell to
the nearest site. A Voronoi region around site j is defined as a set V; of points i
such that their Euclidean distance from site j is less than from any other site

k#j, ie.,
Vi=A{i: llx; — xil| <l|lxx — x;|| Vi #]} (58)

The Voronoi regions correspond to cells in a computer-generated foam struc-
ture. Examples of cellular structures generated by Voronoi tessellation are
shown in Fig. 17.

The volume of cells is calculated as the number of voxels i belonging to each
Voronoi region V, times the voxel volume I?, where h is voxel size. The symbol

Hexagonal
lattice

Random
lattice

FiG. 17. Computer generated structure of hexagonal and random closed-cell foam obtained by
Voronoi tessellation, shown as voxel representation of phase function (left), and network diagram
where nodes correspond to cells and bonds to cell walls (from Salejova ez al., 2005).
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V; will hereafter also be used to denote the volume of the Voronoi region V;. A
wall dividing two adjacent Voronoi regions is a set of points having an equal
distance to the two Voronoi sites. In the discretized voxel space, however, we
define a wall 4 as a set of voxels, which belong to Voronoi region V; and have
at least one out of six nearest neighbors in region V. The area of the wall
cannot be calculated simply as the sum of points in Ay times I? because a
significant discretization error would be introduced. The area per voxel must be
corrected by taking into account the orientation of the wall (the voxel will
account for an area equal to /4> only if the wall is perpendicular to one of the
principal coordinate axes). Let n be the number of nearest neighbors of a voxel
in a wall 4y that belong to the adjacent Voronoi region Vj. The maximum
number of such nearest neighbors is 3. The contribution of each voxel to the
total area is weighted by 4% if n = 1, /2 if n =2, and h*/3/2 if n = 3. The
weights are derived from the PLIC (piecewise linear interface construction)
scheme often used in simulations of free interface flows by the VOF method
(Rider and Kothe, 1998). The symbol 4y will hereafter also be used to denote
the area of the wall 4.

Once the Voronoi tessellation is completed and the areas of the walls dividing
adjacent cells in the foam structure are known, the equivalent conductor net-
work can be constructed. The network is a Delaunay triangulation dual to the
Voronoi diagram (examples of networks are shown in Fig. 17). Its vortices are
the N, sites used for the construction of the Voronoi diagram and its edges
(bonds) link sites that are adjacent in the Voronoi diagram. The structure of the
network can be encoded by the connectivity matrix R, which is an N, x N,
symmetric matrix whose elements are rj = ry; = DsAj /dy if sites j and k are
adjacent, and rj =r; =0 otherwise (this includes diagonal elements). The
conductivity of the bond

Aji

. (59)

Fie = Dy

follows from steady-state diffusion across a planar wall of area Ay, thickness
dy, and diffusion coefficient D, assuming Fick’s law. The wall thickness d,, is
assumed uniform for all walls within the foam. For high-porosity foams, the
mean wall thickness d,, and foam porosity ¢ can be related by the expression

1 Aiot

—1-d —dy=
¢ v Y2 Vi

=1

a
- 60
. (60)
where a = Aot/ Vot Is the internal surface area of the foam per unit volume (the
factor % must be included because each wall contributes twice to the internal
surface area). On the computational unit cell, Vi = N N yNZh3 and

N, <N,
Ator = Zj:]leilA/k'
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C. PoLYMER PARTICLE MORPHOGENESIS

The growth of porous polyolefin particles from supported catalysts can be
divided into two main stages (Estenoz and Chiovetta, 2001). In the first stage, the
porous-catalyst-support particle with diameter ~20um is gradually destroyed
into fragments of 10-50nm size owing to the production of polymer in the
confined pore space. Porous silica or MgCl, often serves as a catalyst carrier. The
outcome of the first stage is the set of fragments embedded in the continuous but
porous matrix of polymer phase (Kakugo et al., 1989). At the beginning of the
second stage of particle growth, most of the catalyst carrier has already been
fragmented, and the growth and morphogenesis of porous polyolefin particles
then continues owing to the polymerization at active catalyst sites immobilized
typically at the surface of fragments of catalyst carrier (Debling and Ray, 2001).
The typical final size of porous polyolefin particles is 0.5-2 mm.

Let us first consider the catalyst/polyolefin particle in the early stage of its
evolution. The particle consists of the solid catalyst carrier with catalyst sites
immobilized on its surface, polymer phase, and pores. The first-principle-based
meso-scopic model of particle evolution has to be capable of describing the
formation of polymer at catalyst sites, transport of monomer(s) and other re-
actants/diluents through the polymer and pore space, and deformation of the
polymer and catalyst carrier (including its fragmentation). Similar discrete el-
ement modeling techniques have been applied previously to different problems
(Heyes et al., 2004; Mikami et al., 1998; Tsuji et al., 1993).

Let us discretize the catalyst carrier, the polymer phase, and the void phase into
a number of small, spherical micro-elements of several types with elastic or visco-
elastic interactions acting among individual micro-elements, and with transport
processes taking place along the connections of neighboring micro-elements; cf.
Fig. 18. The catalyst carrier is thus represented by microelements C, but micro-
elements with catalyst sites immobilized on their surface are denoted by C*. All
catalyst sites are assumed to have constant activity for demonstration purposes in
this chapter. One growing polymer micro-element P* is attached to each ‘“‘cat-
alyst” micro-element C*. When the radius of the growing polymer micro-clement
P* reaches a prescribed value, it becomes the non-growing polymer micro-
element P, and a new microelement of type P* is formed at catalyst center C*.
The pores are discretized into void-phase micro-elements V in order to describe
the transport of reactants/diluents in pores. For the sake of simplicity, we con-
sider only the transport and reaction of monomer and not of other reactants.

The ith micro-element is characterized by the position of its center x;, velocity
v;, radius r;,, monomer concentration ¢;, and by its type #; The translational
movement of each micro-element is governed by kinematic equation and
Newton’s equation of momentum

dx,-

—_— =, l,’:C,C*,P,P*,V 61
T (61)
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Pore fracturing
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Pore clogginng

Fic. 18. Model of the fragmentation of catalyst support based on force interactions and transport
among micro-elements of five types: (i) catalyst support, (ii) catalyst support with active catalyst site,
(iii) growing polymer micro-element, (iv) non-growing polymer microelement, and (v) void-space
transport micro-element (from Grof et al., 2005c).

d(mi ; ) binary ternary * *
J J»

vV, = 0, ti= \" (62)

where m; = %npir? is the mass of the ith micro-element, and the density of
each micro-element p; is considered to be constant in time. Summations of
forces F on the right-hand side of Eq. (62) are carried out over all binary
and ternary interactions between the ith micro-element and its connected
neighbors. The positions of pore-phase micro-elements V are fixed during the
simulation.

The balance of the monomer in the ith micro-element is

d %
gy = ijN, —S;, t;=P,P,V
¢ =0, #=C,C* (63)

where V; = 3nr} is the volume of the ith micro-element, Nj; the molar flux of
monomer from the jth connected micro-element, and S; the rate of monomer
consumption by the reaction. No monomer is assumed to be present inside the
catalyst-support micro-elements C and C*.
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The rate of the growth of the ith micro-element of type P* depends on the
monomer concentration in this micro-element

dm; dr;

d—ll = 47'(,0[7'? d_[l = kmcatJC[, ti = P*

dr:

-£=Q f; = C,C*P,V (64)

where m,,; is the mass of catalyst in the micro-element Cj’-k to which the ith
micro-element P} is attached. Let Ay be the polymer yield rate at reactor bulk
temperature in kgp.i/gca/i. Then the rate constant k = Ay/(3.6¢.q), where coq =
Hepyy is the concentration of monomer in micro-elements P*, which is in equi-
librium with the bulk concentration of monomer in the reactor ¢y, ; and H is
the equilibrium constant. The rate of monomer consumption in Eq. (63) is
evaluated as

i =

0 ti=P,V 63)

{ (kmcat,jci)/MM: t;=P*
where My, is the molecular weight of the monomer.
The mathematical model of catalyst/polymer particle evolution consists of the
set of differential-algebraic equations (61)—(64). The constitutive equations de-
scribing the force interactions, transport of monomer, phase equilibria at the
interface between polymer and pore phase as well as the rules for connectivity of
micro-elements have to be specified (Grof and Kosek, 2005; Grof et al., 2005a).

1. Force Interactions between Micro-Elements

Magnitudes of binary and ternary force interactions required in Eq. (62) are
calculated by simple elastic or visco-elastic constitutive equations and then
projected into force vectors. Elastic model is the direct implementation of the
Hook’s law with the stress between micro-elements A and B dependent linearly
on the strain epp:

Fap/Aap = E'eas (66)

where E' is the elastic modulus dependent on the type of connected microel-
ements, Aap the contact area, and Fap the binary interaction force. The positive
value of Fap results in the attraction and the negative one in the repulsion of
micro-elements. The strain esp is defined as

eas = (lu| — uo)/ug (67)

where uy = ra + rg is the equilibrium distance and u = xg — x4 the vector con-
necting micro-elements A and B.
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Ternary interactions are considered in the case of the deformation of the
triplet of the connected micro-clements A—V-B. If the translation of microel-
ements leads to the change of the angle « = ZAVB, then the force with the
magnitude F, acts on micro-elements as the resistance against this change. The
magnitude of the force F, is calculated in the limit of elastic interactions as

F,/Aap = —G'(cos o — cos ap) (68)

where G' is the bending modulus specific to the type of connected microele-
ments, and o the original value of the angle ZAVB at the start of the simulation
(or at the time when the triplet A—V—B was formed). The contact area Apgp is,
for the sake of simplicity, selected for both the binary and ternary interactions
as Aap = %n(ri + r3), although for the ternary interaction, the micro-elements
A and B do not have to be in the direct contact.

The visco-elastic interactions of connected micro-elements of semicrystalline
polyolefins are approximated by the Maxwell model, which formally consists of
the spring with modulus E’ and the viscous dashpot characterized by the vis-
cosity #° connected in series,

do ,deap E'c
de =~ 7 dr nt

(69)

where 0 = Fap/Aag is the stress. The Maxwell model describes particularly well
the relaxation of stress in a visco-elastic material. When the connection of micro-
elements A and B is subjected to constant strain (deyp/dz = 0), then the stress in
the connection decays exponentially, i.e., ¢ = g9 exp(—E't/n") = og exp(—t/1}),
where g is the initial stress at =0 and ry = 5'/E" the relaxation time. The
Maxwell model also allows for permanent deformation.

The magnitudes of force interactions Fap and F, defined by constitutive
Equations (66), (68), and (69) have to be projected into vectors required in Eq.
(62); cf. Grof et al. (2005a).

Force interactions among micro-elements were calculated in our simulations
according to the following rules:

e F,g=0and F, =0, if at least one of the connected micro-elements is of the
type V (i.e., void phase).

e The Maxwell model Eq. (69) is employed to calculate the magnitude of the
binary force interaction if both micro-elements are of the type P or P*.

e Elastic model given by Eq. (66) with different moduli for the attractive and for
the repulsive forces is used to calculate the magnitude of the binary inter-
action Fap in the remaining cases, i.e., in the cases involving at least one
catalyst micro-element C or C*.

e All ternary interactions involving micro-elements of type C, C*, P, and P* are
considered to be elastic and are calculated according to Eq. (68).
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2. Connectivity of Micro-Elements

For the purpose of calculation of force interactions, the computational al-
gorithm keeps the list of connected pairs of neighboring micro-clements and the
list of connected triplets of micro-elements. These lists are updated, i.e., new
connections are created or existing connections are removed at each step of
dynamic simulation. Let us describe the rules for the creation and deletion of
bonds of micro-elements.

Micro-elements A and B become connected when they touch each other, i.c.,
when their distance u# = |u| becomes

| <up =ra +rp (70)

Two elements become disconnected if the strain between them exceeds max-

1 > t
imum value e,

|| — uo
eAB = —— >e1tnax (71)
Uo

The value of the maximum strain ¢/, ,, depends on the type of micro-elements A
and B. Thus the superscript ““#”” in the previous equation can be (a) “PP,” to
denote the connection between two polymer micro-elements P or P*; (b) “CC,”
to denote the connection between two catalyst micro-elements C or C*; and,
finally, (c) “PC,” to denote the connection between polymer and catalyst micro-
elements.

The triplet A—V-B is initiated when both connections A-V and B-V are
formed. For the sake of simplicity and in order to reduce the number of triplets
that have to be processed, the connections A—V and B-V have to be of the same
type, i.e., of the type “PP,” “CC,” or “PC.” The triplet is deleted if (i) one of the
connections A—V or B-V is disconnected, or (ii) the deviation between the actual
angle o and the initial angle o, exceeds the limiting value o ., i.e. | — o] >0\, ,
(and in this case also, one of the binary connections A—V and B-V is discon-
nected).

Once the catalyst breaks, it remains broken even if the fragmented parts come
into contact later during the simulation. On the other hand, the polymer micro-
elements P or P* are assumed to be “sticky,” and connections between them
created during the simulation are assumed to be as strong as the connections at
the beginning of the simulation.

3. Diffusion Transport of the Monomer

The molar flux of monomer N from the jth into the ith micro-element is
described as

A
Nj = Dj(¢; — ¢;) 5. -z (72)
ij
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where the area is 4; = 3n(r7 4 r7) and d; = |x; — x;| is the distance between the
micro-clements. Diffusion coefficients in the void phase Dy and in the polymer
phase Dp are different; hence, the diffusivity Dj; depends on the type of con-
nected micro-element

0 l,’ZC,C*OI'l_jZC,C*

Dp ti=P,P"or ZJ':P,P*

r_

Dpy, (t; =V and t; = P,P*) or vice versa

No monomer transport through the solid catalyst support is considered. The
diffusivity Dpy in Eq. (73) is only a formal notation because the flux between the
void phase V and the polymer P (or P*) micro-elements is calculated from the
assumption of no accumulation and sorption equilibrium at the phase interface.

The void-phase micro-elements V are used to model the transport of mon-
omer through the regions where neither polymer nor catalyst micro-elements are
present. The micro-elements V do not change their position or radius during the
dynamic simulation, but they are deleted when the catalyst or the polymer
micro-elements move over them and are inserted as needed to cover any newly
formed void phase. The transport connections between the micro-elements are
different from the connections with the force interactions described in Sections
IV.C.1 and IV.C.2, and are also regularly updated during the dynamic simu-
lation.

4. Evolution of Particle Morphology

The simultancous evolution of the catalyst support, the polymer phase, and
the concentration field of the monomer is displayed in the sequence of images in
Fig. 19. The catalyst carrier is only partially covered by the catalyst. The ev-
olution of micro-elements is driven by the force interactions and by the growth
of polymer micro-elements P*, and is coupled with the transport of monomer
through the dynamically evolving void and polymer phases. The produced pol-
ymer phase contains a number of cavities because the simulation is spatially 2D;
hence, the coordination number of polymer microelements is lower than in 3D
simulations. The initial and the final configurations of the simple catalyst/pol-
ymer particle is shown in Fig. 20. The discrete element modeling of catalyst
particle fragmentation allows one to address a number of practical problems of
catalytic polymerization of olefins, e.g., the dependence of the incorporation of
a co-monomer on the pore space characteristics of catalyst support, the de-
pendence of fragmentation and particle growth on the impregnation of the
porous support by the catalyst system, the discrimination between the “‘shrink-
ing core” and the “gradual bi-section” fragmentation modes of catalyst sup-
port, etc. (Kittilsen and McKenna, 2001; Knoke et al., 2003; Pater et al., 2003).
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Concentration field of monomer

catalyst

Catalyst and polymer micro-elements

/
fragmentation separated

catalyst fragments

Fi. 19. Fragmentation of a simple catalyst carrier during early stages of catalytic polymerization
of olefins. The upper row of pictures represents the concentration field of monomer (red = high,
blue = low concentration), the lower row of pictures represents the evolution of particle morphology
(from Grof et al., 2005c).

initial
configuration

@ polymer

@ catalyst final configuration

FiG. 20. Detail of the initial and the final configuration of the growing catalyst/polymer particle
from Fig. 19. The polymer phase in the final configuration contains large number of voids because of
the smaller number of connections in spatially 2D simulation when compared to spatially 3D case
(from Grof et al., 2005c).

Alternatively, we can consider the model of the growing particle consisting
only of a single type of the growing micro-element (Grof et al., 2005a); cf. Fig.
21. In this case, the dynamic simulation starts from a hypothetical initial con-
dition just after the fragmentation of the catalyst carrier, and thus describes the
second stage of particle growth. The predictive capabilities of this model were
demonstrated in important problems of the formation of fine particles and the
particles with macro-cavities in dependence on reaction conditions. We have
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Fi1G. 21. Morphogenesis model of porous polyolefin particle based on the elastic and visco-elastic
interactions among micro-elements (from Grof ez al., 2005a).

also demonstrated the non-perfect replication of particle shape during its
growth even in the case of an initially uniform distribution of catalyst activity in
the particle (Grof et al., 2005b). The importance of the distribution of catalyst in
individual micro-elements just after the fragmentation was stressed, and its
effect on the final morphology of polyolefin particle was demonstrated. Thus, a
mapping from the distribution of catalyst in fragments as a result of the first
stage of particle evolution into the final morphology of polyolefin particle was
demonstrated, and the importance of the first “fragmentation” stage of particle
evolution on its final morphology observed experimentally has been confirmed.
The effect of the relaxation time tr in the Maxwell model Eq. (69) on the
predicted morphology of polyolefin particle is illustrated in Fig. 22. In this
figure, the simulation started from a uniform distribution of micro-elements,
and the diffusion resistance in the growing particle was considered.

D. GRANULATION AND DISSOLUTION

Many chemical products, such as pigments, fertilizers, detergents, pharma-
ceuticals, or food and beverage products, are in the form of granules, i.e.,
agglomerates of primary particles held together by a binder. The microstructure
of the agglomerate, i.e., the distribution of individual components, binder, and
porosity within the granule, has a significant influence on its end-use properties,
such as rate of dissolution. The granule design problem consists of finding a
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FiG. 22. Evolution of particle morphology in dependence on the relaxation time tg of the Max-
well model. Lower (higher) polymerization temperature corresponds to longer (shorter) relaxation
time tg. The initial condition of the simulation was a perfectly regular circle of uniformly distributed
micro-elements. The growth of micro-elements in the particle center is slower because of monomer
diffusion limitation (from Grof et al., 2005a).

microstructure that leads to a specified dissolution rate for a given formulation
(i.e., chemical composition of the granule), and establishing processing routes
and conditions that will lead to the formation of that microstructure.

The problem of granule microstructure formation in the specific case of low-
shear, wet-granulation processes (e.g., fluid bed, drum, or pan granulation) has
been considered by Stepanek and Ansari (2005). They have described a method
for constructing “‘virtual granules” by explicit simulation of primary particle
packing, binder spreading, and binder solidification. A single virtual granule is
built in a unit cell by sequential deposition of solid primary particles and liquid-
binder droplets, as illustrated in Fig. 23. A range of granule microstructures can
then be generated by varying the primary particle properties (size distribution
and morphology), the binder/solids ratio, the binder spreading rate (through
viscosity and dynamic contact angle), and the binder solidification rate. Ste-
panek and Ansari (2005) have systematically investigated the effect of these
parameters on granule microstructure, and generated structure maps relating
granule porosity to the characteristic times of the deposition, spreading, and
solidification processes.

Once the virtual granules have been created, it is of interest to relate their
microstructure to the dissolution rate and release profile of an active compo-
nent. Recently, Stepanek (2004) carried out detailed simulations of virtual
granules. The problem of porous media dissolution is encountered not only
during the application of pharmaceutical or detergent granules and tablets but
also in industrial processes such as leaching (Erlebacher et al., 2001) or extrac-
tion (Adrover et al., 2004), as well as in other engineering applications such as
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FiG. 23. Sequential deposition of primary solid particles and liquid binder droplets leading to the
formation of a virtual granule (from Stepanek and Ansari, 2005).

oil recovery (Békri et al., 1995). Dissolution can be formally regarded as a
morphology transformation operation, i.e., an operation affecting the phase
functions f{r) defined in Section II.A. The morphology transformation is due to
the dissolution of soluble phases at the solid—liquid interface. The dissolution
can be purely physical or accompanied by a heterogeneous or homogeneous
chemical reaction, coupled with diffusion-only or convection—diffusion trans-
port of the dissolved species. (Combustion can be regarded as a gas-phase
analogy of dissolution and will not be discussed here separately.)
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Fic. 24. Velocity (left) and concentration (right) profiles during the simulation of granule dis-
solution (from Stepanek, 2004).

The simulation of the dissolution of a multicomponent porous medium (in-
cluding virtual granules) can be summarized into the following steps:

1. Start from an initial structure—defined by phase functions f(r, ¢t = 0).

2. Solve a convection—diffusion problem in the fluid phase surrounding (gran-
ules) or penetrating (porous media) the object of interest.

3. Update phase functions according to local dissolution rates.

4. Check the connectivity of the solid skeleton—remove disconnected solid
phase if present.

5. Repeat from Step 2 until the end time is reached.

This methodology has been used by Békri ef al. (1995) for the simulation of
porous media dissolution, and recently by Stepanek (2004) for the studying of
the dissolution and breakup of agglomerates; cf. Fig. 24. He has constructed
structure-dissolution maps for two-component porous agglomerates and ob-
tained correlations for the dissolution half-time 75, as function of granule com-
position (binder/solids ratio, porosity), ingredient properties (solubility and
diffusivity of binder and primary solids), and hydrodynamic regime (dissolution
under stagnant and flow conditions).

E. SimuLATION OF CO OXIDATION ON RECONSTRUCTED CATALYTIC WASHCOAT

The effective-scale models have been most often used in the description of
transport and reaction processes within the porous structure of catalysts. Such
models are based on the introduction of an effective diffusion coefficient D,
that is used in the analogy to the Fick’s law for the description of diffusion
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fluxes in the porous medium (Satterfield, 1980; Schmidt, 1998). The classical
approach to studies of diffusion and reaction in porous catalysts uses the mod-
els of cylindrical pores. Recent re-examination of the pore diffusion problem
was made by Balakotaiah and Gupta (2000). Discussion of recent approaches to
mesoscopic modeling of diffusion-reaction through a microporous medium is
contained in the recent paper by Chatterjee et al. (2004). Microkinetic modeling
based on mean field theory has been reviewed by Dumesic et al. (1992). Post-
treatments of zeolite-supported catalysts in order to modify their activity and
stability were discussed by Abdullah er al. (2004) and illustrated on TEM im-
ages of actual micropore structures.

The catalytic washcoat of the monolith converters of automotive exhaust gas
usually consists of partly sintered y-Al,O5 particles of different sizes that to-
gether form a (macro-)porous layer. The y-Al,O3 particles themselves are also
porous, with pore sizes belonging to the range of meso-pores (diameter
~10nm). Crystallites of noble metals (typically Pt) are dispersed on the y-Al,O3
support as active catalytic components. Other components, e.g., CeO,-ZrO,, are
added to the washcoat for the stabilization of the porous structure; they may
also act as active catalytic centers (Koci et al., 2004a). Catalytic reactions take
place on the Pt sites located in the meso-pores of y-Al,O3 simultaneously with
the transport of gaseous reaction components. The transport inside the meso-
porous y-Al,O5 particles is characterized by the effective diffusivity based on
Knudsen diffusion, while the transport in the macro-pores can be described by
volume diffusion (Koci et al., 2004b).

SEM and TEM images give detailed information about the porous structure
of a supported heterogeneous catalyst (pore size distribution, typical sizes of the
particles, etc.). The information from SEM and TEM images can be used in the
reconstruction of porous catalytic medium. In the digitally reconstructed cat-
alyst, transport (diffusion, permeation), adsorption, reaction, and combined
reaction—diffusion processes can be simulated (Stepanek er al., 2001a). Para-
metric studies can be performed, and the resulting dependencies can serve as a
feedback for the catalyst development.

The macro-porosity &nacro and the correlation function corresponding to the
macro-pore size distribution of the washcoat were evaluated from the SEM
images of a typical three-way catalytic monolith, cf. Fig. 25. The reconstructed
medium is represented by a 3D matrix and exhibits the same porosity and
correlation function (distribution of macro-pores) as the original porous cat-
alyst. It contains the information about the phase at each discretization point—
either gas (macro-pore) or solid (meso-porous Pt/y-Al,O3 particle). In the first
approximation, no difference is made between y-Al,O3 and CeO, support, and
the catalytic sites of only one type (Pt) are considered with uniform distribution.

In the following example, we use a simple microkinetic model of CO oxi-
dation on Pt together with the reconstructed porous catalyst to follow the
evolution of local concentration profiles within the porous structure. The re-
action—diffusion problem of the CO oxidation on the Pt/y-Al,O5 porous catalyst
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Fic. 25. Typical SEM image of porous Pt/Rh/CeO,/y-Al,O5 catalytic washcoat (left) and the
corresponding binarized image (only the macro-pores visible; right). In the SEM image, the black
color corresponds to the macro-pores, the grey color corresponds to the meso-porous y-Al,O; with
dispersed Pt, and the white color corresponds to CeO,. Length of the section edge is 10 pm. The
average macro-porosity evaluated from more SEM images is approx. émacro = 0.15 (from Koci ez al.,
2004).

can be described by the following partial differential equations (spatially 3D
distributed problem):

% =D{"V’e, + Y vy, k=CO,0,,CO* 0" (74)
J

Equation (74) were solved within the section of the reconstructed porous cat-
alyst, represented by the 3D matrix. Here x, y, and z are the spatial coordinates
in the porous catalyst, ¢, denotes the molar concentration of the kth compo-
nent, Diff is the effective diffusivity of the kth component, v; is the stoichio-
metric coefficient of the component k in the jth reaction step, and r; is the
reaction rate of the jth reaction step.

The characteristic length of the washcoat section to be simulated is ~10 um;
thus, we may consider constant temperature profile on this scale. Since the
volume diffusion in the macro-pores is much faster than the Knudsen diffusion
in the meso-pores of the y-Al,O; particles, we may further assume that the CO
and O, gas concentrations in the macro-pores are constant within the simulated
washcoat section. For the surface-deposited components CO* and O*, a zero
diffusivity is used, i.c., Diff = 0. For gaseous CO and O, the effective diffusivi-
ties are based on the Knudsen diffusivity in the meso-pores (with diameter
~10nm) of the y-Al,Os.

The microkinetics with an explicit consideration of the surface-deposited
species has been employed,

CO + x> CO*, r =k Coycols — Ky Lpcor
0, + 2% — 207, ry = ko Cp Yo,0,
CO* 4+ 0" = CO, + 2%, 13 =kyCpOco0o
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rm= 125

Yo =0% reo=0

Fig. 26. Profiles of CO concentration yco and reaction rate rco in the reconstructed
Pt/y-Al,O3 catalyst (cross-section), T =300°C, L., =540nm, éepaero =0.15, Cp =50 mol/mS,
D = 6 x 1078 m?/s. Free space corresponds to the macro-pores, solid grey corresponds to meso-
porous y-Al,O3 with dispersed Pt. Length of the section edge is 10 um (from Koci et al., 2004).

Here * denotes the catalytic Pt-site, Cp, the concentration of the catalytic sites,
i the molar fractions of the gaseous components (CO, O,), and 0, the relative
surface concentrations of the deposited components (CO", O"). The values of
kinetic parameters k; are taken from Nibbelke ef al. (1998), where the complete
microkinetic scheme for CO oxidation on Pt/Rh/CeO,/y-Al,O5 catalyst is given.
In Fig. 26 we can observe that steep concentration gradients may occur in the
system. There are even regions with zero CO concentration inside the sintered
y-Al,O5 particles, and the reaction takes place only on the surface of the macro-
pores. The Pt distributed deeper is not utilized in the reaction.

The results of the parametric studies (e.g., the influence of noble metal dis-
tribution and correlation length) provide a better understanding of the reaction-
transport effects in porous, supported heterogeneous catalysts (Bhattacharya
et al., 2004). In the combination with semi-deterministic methods of the recon-
struction (simulation of the catalyst preparation process), the results can be used
for the optimization of the washcoat structure.

V. Outlooks

A. BIOLOGICAL SYSTEMS

Plant and animal tissue has a complex microstructure (e.g., Khaled and Vafai,
2003), consisting of cells, extra-cellular matrix (ECM), and porosity. Tissue and
other biological systems are usually structured over several length-scales (Chu
and Lee, 2004). Convective transport in a tissue is controlled by the vascular
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network (Kumar et al., 2004). When describing transport at the length-scale of
the network, the tissue surrounding the capillaries is typically treated as an
effective medium with volume-averaged properties (Lasseux et al., 2004), which
depend on the microstructure—phase volume fraction of ECM, etc. The meth-
ods presented in this chapter are applicable with little or no modification to the
modeling of transport in complex biological structures and cellular assemblies
(Picioreanu et al., 2004; Wood et al., 2002a).

One of the aims of the emerging discipline of tissue engineering (Mantalaris,
2001; Mantalaris et al., 2001) is ex vivo growth of tissues from cells, including
stem cells (Rippon and Bishop, 2004). A typical tissue growth protocol would
consist of seeding the cells into a biodegradable porous scaffold, which is then
immersed into a cultivation medium containing the required nutrients and sig-
nals. The cells would then proliferate in the scaffold and produce their own
extracellular matrix that eventually replaces the degradable scaffold as struc-
tural support. The resulting tissue must have a specific microstructure in order
to posses the same functionality as natural tissue. The microstructure depends
on the interplay of initial scaffold morphology, spatial distribution of seed cells,
diffusion of nutrients and metabolites in and out of the scaffold, and the cell
proliferation and scaffold degradation rates. The methods presented in this
chapter are directly applicable to the modeling of morphology transformation
processes occurring during tissue growth.

B. MATERIALS DESIGN

The field of synthesis and fabrication of porous materials with controlled pore
size and morphology has progressed enormously in recent years. Techniques
such as colloidal templating (Linssen ez al., 2003; Velev and Lenhoff, 2000; Xia
et al., 2000) or directed self-assembly (Lin et al., 2001; Pilleni, 2001; Texter and
Tirrell, 2001; Xu and Goedel, 2002) have made it possible to fabricate porous
solids with specific microstructures at a wide range of length-scales (Soten and
Ozin, 1999). Moreover, the ‘“bottom—up’” materials synthesis techniques
(Shimomura and Sawadaishi, 2001) can be combined with “top—bottom” mi-
crofabrication methods to form truly multi-scale hybrid structures such as
microchannel networks internally coated with templated porous solid (Xu and
Platzer, 2001; Yang et al., 2001).

Owing in part to the fabrication techniques mentioned above, it is legitimate
to pose the problem of rational design of materials with tailor-made micro-
structure. As part of the material microstructure design process, the structure-
property mapping problem has to be solved—i.e., the problem of calculating a
set of end-use properties (e.g., effective transport properties) for a material
microstructure described by a given set of integral characteristics (porosity,
specific surface area, etc.). The second important element of the material
microstructure design process is a solution of the process-structure mapping
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problem—i.e., the problem of determining the microstructure that results from
a series of morphology-transformation operations (particle packing, sintering,
leaching, etc.). A materials synthesis recipe can then be derived from the se-
quence of morphology-transformation operations.

The modeling methods reviewed in this chapter (i.e., evaluation of integral
characteristics, calculation of effective transport properties, and diagenesis-
based models of microstructure formation) are directly relevant to the solution
of both structure-property and process-structure problems. While the “‘for-
ward” problems have a unique solution, the inverse problems usually do not. A
challenge for material microstructure design is to identify suitable optimization
algorithms for the solution of the inverse problems (e.g., Torquato et al., 2002).
Stochastic optimization algorithms applied at one length-scale (e.g., McLeod
and Gladden, 2000) can be combined with deterministic algorithms at a larger
length-scale (e.g., Gheorghiu and Coppens, 2004) to optimize multi-scale struc-
tures such as heterogeneous catalysts. Similarly, discrete and continuous algo-
rithms may need to be combined in situations where one microstructure
parameter, such as phase volume fraction, is inherently continuous, while some
other parameter, such as the order in which microstructure transformation op-
erations are applied, is inherently discrete. Analogous problems are of course
well known from standard process systems engineering, and inspiration will
undoubtedly be found in that field for the solution of material microstructure
design problems.

VI. Conclusions

The methodology for digital representation, characterization and reconstruc-
tion of porous and multi-phase media has been presented in this chapter. Com-
putational techniques for the determination of effective transport properties
(conductivity, diffusivity, permeability, and tensile properties) have been re-
viewed, as well as methods for the solution of transient reaction, transport, and
morphology-transformation processes in those media. The application of the
techniques has been demonstrated on several examples: polymer particle growth
and morphogenesis, granulation and dissolution, and heterogeneous catalysis.
Finally, two emerging application areas of the computational methods have
been reviewed, namely, tissue engineering and structured materials design.

We hope to have demonstrated that computer simulation of transport and
transformation processes on digitally reconstructed multi-phase media can be
beneficial to practical chemical engineering applications. We believe that as
chemical engineering becomes more ‘“‘product-oriented,” the need to model
phenomena that control material microstructure formation will gain in impor-
tance. We hope that this chapter will provide a useful starting point for those
who wish to familiarize themselves with the relevant computational techniques.
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